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Abstract s

Wedéfine four families of geometries with as point graph the graph — or its complement — of all elliptic:
hyperplanes of a given parabolic quadric in any finite 6-dimensional projective space, where adjacency is
given by intersecting in a tangent 4-space. One of theselaconsists of semi-partial geometries constructeds
in J.A. Thas [SPG-reguli and semipartial geometries, Adv. Geom. 1 (2001) 229-244], for which our
approach yields a new construction, more directly linked to the split Cayley hexagon. Our main resuits

determine the complete automorphism groups of all these geometries. 9
(© 2005 Published by Elsevier Ltd 10

11
1. Introduction 12

In a recent paper], the first author classifies all partial linear spaces (these are point-ling
incidence geometries where every pair of points is incident with at most one line) admitting a rank
3 primitive automorphism group of almost simple type. The classical symplectic, Hermitian and
orthogonal polar spaces, the Fisclggaces, the buildings of typés are well-known examples
of such spaces. In her list also appear new partial linear spaces, among them some admitting
G2(3), G2(4) or G2(8) : 3 as automorphism group (several new spaces appear for each of these
three groups). For the first group, the geometrere described in terms of elliptic points of 1o
PG(6, g) with respect to a nonsingular quadratic form. For the other two groups, the geometries
were described in terms of elliptic quadratierits polarizing into a nonsingular bilinear form of 2
a 6-dimensinal vector space over GF(4) and GF(8), respectively. 2
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The two authors later noticed that, unlike in the pap@rif was possible to describe these
spaces in a common setting, that of elliptic hypares with respect to the parabolic quadric
Q(6, ). Moreover thesenew descriptions of the rank 3 geometries extend tocany

These geometries all have as collirigaigraph the strongly regular graph(q) (or its
complement) obtained from the parabolic qua¥i®, q) by considering all elliptic hyperplanes
(and adjacency is given by meeting in a tangent 4-space of the qua¢;q)). In the present
paper, we define four classes of geometries which adig) or its complement as collinearity
graph, and which generalize to arbitragythe examples in the list of4]. One of these
classes coincides with the class of semi-partial geometry discovered by Ths\Whjere the
construction of Thas follows from a more genlgteeory and can be applied in other situations
as well, our construction is more direct and relates the semi-partial geometries directly to the
corresponding split Cayley generalized hexageas below. Moreover, our construction allows
us to determine the full automorphism group of the geometries, and we do this for all four classes.
This is the main motivation of our paper. Our method is purely geometric: we reconstruct from
the given geometry either the pwiline geometry of the quadri@(6, q) (and conclude that the
full collineation group of our geometry is the full automorphism gré&iO (7, q) of Q(6, q) in
PG(6, 0)), or the generalized hexagét(q) (andwe conclude that the full collineation group of
our geometry is the group AUB,(q) of type preserving automorphismsldfq) — the group
Aut’°G2(q) coincides with the full automorphism group A&(q) unlessq is a power of the
prime 3, in which case it has index 2).

For smallvalues ofq, it is apparent from our construction that the automorphism group acts
as a rank 3 group on the point set. Hence we obtain a computer free proof of the existence of the
relevant examples ird], which was our initial motivation for this work.

Finally, we wee not yet able to use our results to determine the full automorphism group of
the graphi’(q), but our results could possibly be used to show that it is isomorphic to the full
automorphism group d(6, q) for g > 3.

2. Preliminaries and terminology

The parabolic quadricQ(6, g) of the projective 6-dimensional spa&¥s(6, q) over the
finite Galois fieldGF(q) with g elements is the null set of the quadratic polynonXaXs +
X1Xs5 4+ X2Xg — X2, with respect to a given basis. Theerp relation, denotedL, relates
points that are collinear onQ(6, g), i.e., their joining line is entirely contained iQ(6, q).
Recall that the Grassmannian coordinates of a linePGf(6, q) incident with the points
(xé'), x x, xé'), xf."), xé'), xé')), i = 1,2, are equal tdpo1, Po2, Po3 - - -, Pse), Where the
pij's are orakred lexicographically with resgt to their subscripts, and where

D @

1 J
G )

y| yJ
We define he following point-line geometryH(q). The points of H(q) are all points
of Q(6,0). The lines of H(q) are the lines onQ(6, q) whose Grassmannian coordinates
(Po1, Po2, - - ., Pse) satisfy the six relationgi> = pss, Ps6 = Pos, Pas = P23, Por =
P36, Poz = — P35 and pas = — P13.
The geometnH(q) is agenerdized hexagon @-gon) of order qi.e., the incidence graph has
diameter 6, girth 12 (thgirth of a graph that is not a tree is the length of a smallest cycle) and
valency 14 g.

pij =
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The generalized hexagdi(q) is called thesplit Cayky hexagon The aboe cmonstructionis
due to Jacques Tit8], see also Chapter 2 of]. 2

2.1. Some further terminology 3

If we talk aboutdistancebetween two elements — points and lines — of a generalized.
hexagon, then we mean the distance in thederte graph. The definition of a generalized s
hexagon immediately implies that the maximal possible distance between two elements is six,
and in this case we call the two elemenifsposite An easy counting shows that there are 7

elements opposite any given element in a generalized hexagon ofoprder 8
Two points at distance 2 from each other will be calbedlinear; two lines at distance 2 from s
each other will be calledoncurrent 10

A spreadof a generalized hexagon of ordgiis a set of 1+ g mutually opposite lines. It u
then follows that every line of the generalized hexagon is either a member of the spread, ok is
concurrent with a unigue member of the spread (see 7.29)of [ 13

Let L andM be two opposite lines in a generalized hexagon, an@'Ibe the set of all points 1
that are at distance 3 from bothand M. Suppose that there arefl g lines at distance 3 from s
every elenent of 7. Then we say tht the generalized hexagon satisfies fdgulus condition 1
(see p]) or that it is distance3 regular (see P]). In such a case we call the set oftlq lines
at distance 3 from every member &f a regulus The spit Cayley hexagorH(q) is distance-3 s
regular. Note also that a regulus k(q) is a set of skew lines of)(6, g) in a 3-dimensional 1
subspace; hence it is the set of generators of a hyperbolic (or “ruled”) quadric isomorphic:to
Q7 (3, ). Also, aline of Q(6, q) that is not a line ofH(q) will be called anideal lineof H(q). 21

A gereralized hexagon is an example opartial linear spacei.e., a point-line geometrnyA 2
with the property that twalistinct points are incident with at most one line. Tg@nt graphof 2
A is the graph with vertices the points df and edges are pairs of collinear pointsst#tongly 2
regular graphwith parametersv, k, &, 1) is a graph withv vertices, such that every vertex s
is adjacent to exactli vertices, every edge isontained in exactly. triangles, ad every two
nonadjacent vertices have exagtiycommon neighbors. A{Q, «}-) semi-partial geometrisa =
partial linear space with strongly regular point graph and such that there exist cosstants 2
where 14 s is the nunber of points on any line, % t is the number of lines through any point, 2
and for any non-incident point-line paix, L), there are ¥adly either O ore lines throughx 30
concurrent withL. Semi-patial geometries have been introduced by Debroey and T3jas[a =
common generalization of partial geometries (introduced by Bfjs¢hlese are theegsni-partial =
geometries where 0 does not occur in the above situatioixfdr)) and partial quadrangles s
(introduced by Cameror]; these are theesni-partial geometries withh = 1). 3

3. Constructions 35

Consider the lassicalhexagonH(q) in its representation on the quadi@6, q) in the
projective spac®G(6, q). Take a hyperplane d¥G (6, q) intersecting the quadriQ(6, q) inan
elliptic quadricQ~ (5, q) (such a hyperplane will be calledliptic). It is well known that the set 3
of lines ofH(q) contained in the elliptic hyperplane forms a spreati@f). This preadis called s
Hermitian This anstruction is due to Tha®]. It easily followsthat the regulus determined 4
by two arbitrary lines of a Hermitian spread is entirely contained in the spread, which is a well
known straightforward property. P

We will define a strongly regular graph whosertices are all these Hermitian spreads (or .
equivalently all the elliptic hyperplanes). First we need two lemmas. a
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Lemma 1. Two Hermitian spreads of a classical hexagbitiq) meet in either one line or in a
regulus.

Proof. Two Hermitian spreads are determined byotdliptic hyperplanes, which meet in a 4-
space W. We regardW as a hyperplane in one of the elliptic hyperplanes, BayWe note
that the Hermitian sprea8l in H also defines a spread of the generalized quadra@gl®, q)
obtained by intersectinQ (6, q) with H. Now, the4-spacaV can either be tangent to the quadric
Q~ (5, g) (say, in the poink), or meeftin aQ(4, q). In the firstcase, there is clearly exactly one
line of the spread of Q~ (5, q) contained inW (and it is the unique line of the spread through
x). Consequently the spreads meet in a unique. lin the second case, we show that there are
exadly g + 1 lines ofS in Q(4, q). Indeed, each line & that is not ontained inQ(4, g) meets
Q(4, g) in aunique point, and different such lines give rise to different such points. Kia))

has exactly & q+q2+ g2 points, it is easyd calculate tha€(4, q) must contain exactly + 1
elements ofS. All these must beantained in a regulus, as the regulus determined by any two
members ofS is contained inS and the regulus determined by two element§Saf aQ(4, q) is
entirely contained in thiQ(4,q). O

Lemma 2. (a) Let Hy, Hp, and Hs be three distinct elliptic hyperplanes and &4, Sz, and
S3 be the respective Hermitian spreads. & and S; meet in some set S which is either
a line or a rggulus, andS, meetsSs in the same set S, thefy and Sz meet alsoexadly
in S.

(b) The set of Hermitian spreads containing a given line is partitioned %n;(q — 1) classes of
g2 spreads mutually intersecting in exactly that line (we will call each such class of spreads
a percil).

(c) Given a pencil P through the line L, every line opposite L is contained in exactly one spread
of P.

(d) There are exactlgq(q — 1) Hermitian spreads containing a given regulus.

Proof. (a) This follows directly from the previous lemmaSfis a regulus.

Now suppose thaSis a line. ThenH1 N H2 N Q(6, q) is a cone with vertexs in the 4-
spaceWi 2 = Hi N Ha. Similarly, H> N H3 N Q(6, q) is a cone with vertexzs in the 4-space
W>3 = Hz N Hi. ThespaceW; contains all lines oH1 N Q(6, q) throughxio. Suppose they
are in Hz. Then, since they are also iH>, they should be inN>3 N Q(6, ). Herce H1 N H3
does not contain any line @6, q) different from S throughxi2, unlessxi> = xo3 (but then
clearly H; N H> = Ha N H3 = Hi N H3z and the result follows). Hence, ¥12 # X23, then
H1 N H3 N Q(6, q) must also be a cone, since a hondegenerate quadiay) hasq + 1 lines
through each point. The first part of the statement follows.

(b) Let Shbe aline of H(q). Therelation “... is equal to..., or, ... meets...in exacBYis
by the above an equivalence relation in the set of Hermitian spreads cont&inireg S be a
Hermitian spread containing with corresponding hyperplarté, and letwW be a 4-space dfl
containingS and meetin@)(6, q) in a degenerate quadric. Then each elliptic hyperplane distinct
from H, but throughW defines a spread which mee&isn preciselyS. There aray + 1 choices
for W. For a givenW, there areq + 1 hyperplanes througkV from which we must remove
H itself and the tangent hyperplane through Notice that every remaining hyperplah¥ is
elliptic (from the structure of the tangent hyperplaffeof H’ to the quadridQ(6, q) N H’).
Hence here argq — 1)(q + 1) = g% — 1 ather Hermitian spreads in the same equivalence class
ass.
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Counting in two ways the number of paii§, L), whereS is a Hermitian spread df(q) and 1
L aline contaned inS, we can calculate that there are precisélf'(q — 1) Hermitian spreads
throughL. Whence the assertion. 3

(c) It is well known that there arg® lines opposite a given link in H(q). Each of theg? a
spreads inP containgy® lines opposite td. and no line opposite can be in two of these spreads s
since hey intersect exactly ih. Herce the result. 6

(d) Consider a reguluR and two linesL; andL > of R. From(c) we know that in each pencil -
of spreads through there is exactly onspread containind.,. As the rgulus determined by
any two members of a spread is contained in that spread, g'mg{qe— 1) spreads all contairr. 9
On the other had, every spread containifgmust be in one of thg? pencils through_1, sowe 1
have got all of them. O 1

Theorem 3. Let I'(q) bethe graph whose vertices are all the Hermitian spreads (or equivalently:
all theelliptic hyperplanes) of a classical hexagbiiq) and such that two vertices are adjacent 1z
if and only if the spreads meet in a unigue line (equivalently the elliptic hyperplanes meet
in a tangent4-space to the quadric). Thef(q) is a drongly regular graph with parameters s

3(a3_
(@Y (g2 - 1)@ + 1), 29% — g3+ g% — 2, 29%(q% — 1)). N

Proof. It is well-known that there are‘@ hyperplanes meetin@(6, q) in an elliptic 1
guadric, hence the number of vertices. The degree of the graph follows easiliérama Zb). 18

Take two preadsS; andS, meding in a lineL. By Lemma Zb), there arg?—2 other speads 1
meding bothS; andS; in that same lind.. We now need to count the number of spreads meetingo
S1 andSy in distinct lines. 21

Take aline L1 # L of S and the penciPy of spreads through1 meding Sp in only L1, or 22
being equal te5;. First ndice that there is one line &, at distance 2 front.; (by theddfinition 2
of the spread oH(q)) andg? at distance 4; these lines cannot be in a spread itiSo there 2
are exactlyg® — g2 lines of S, oppositeL1. By Lemma Zc), each of them is in exactly one s
spread of P;. Among thelines of S, oppositel 1, one isthe lineL itself, k are contained in a 2
spread meetings, in a line, and(q? — 1 — k)(q + 1) are contained in a spread meetifigina
regulus. This gives us an equation that yietds 2q — 1. Since there arg® choices forL1, we 2
getr =92 —2+09329 - 1). 2

Now take two spreadS; andS; meeting in a regulu®. By Lemma Za), there is no spread =
meding bothS; andSz in a line of the rgulus. The same type of counting argument as above:
shows thathiere are 8 spreads through a given line & not onR and meetingSz in a single =
line. Henceu = 2q(q° — ). %

Since these counts are independent from the choice of sprBégisis strongly regular. [ 3

Let us now define some families of partial linear spaces admitficg) or its complement
as a collinearity graph. The point set will always be the set of Hermitian spread&of(or, 36
equivalently, of elliptic hyperplanes &G (6, q)). a7

Family 1. Blocks are the sets of q elliptic hyperplanes containing a fixed degenerate elliptic s
space. This partial lineaspace will be denoted b¥1(q). Here q > 2, otherwisewe obtain the 20
graph'(q) itself. a0

Family 2. Blocks are the pencils of Zgspreads containing a fixed line of the hexagon and «
meeting mutually in exactly that line. This partial linear space will be denotefllgg). Here 2
q>2. a3
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Family 3. Blocks are the sets of elliptic hyperplanes containing a fixg@, q) but not
containing the nucleus d(6, q) if g is even. Blocks have siz¢2jif g is even andq — 1)/2
or (g + 1)/2 (and both occur) if q is odd. This partial linear space will be denoted b¢q).
Here g> 5 (in fact, I'3(4) is the complement aof'(4)).

Family 4. Blocks are the sets of (q — 1)/2 spreads containing a fixed regulus. This partial
linear space willbe denoted by4(q). Here, q> 2.

For Families 2 and 4, the skes of the blocks follow fronbemma 2 For Fanily 1, anmong
the q + 1 hyperplanes through a degenerate elliptic 4-space, one is the hyperplane tangent to
the quadric, and the other ones are all elliptic, which gives the block sizel-&aty 3, we
consider a nondegenerate 3-sp#¢and the plan®G(2, q) skew toW obtained by intersecting
all hyperplanes tangent ©9(6, q) at a point ofW N Q(6, q). ThenPG(2, q) intersect(6, q)
in anondegenerate conit; the 4-space spanned by an arbitr&@y4, q) on Q(6, g) containing
W N Q(6, q) intersectsPG(2, q) in a point p off C (distinct from thenucleus ifg is even).

The elliptic hyperplanes throug(4, g) are now those hyperplanes throughthat intersect
PG(2, g) in secants of through p, or in extenal lines ofC through p (depending only on the
choice of W andQ(4, q), but not on the chosen elliptic hyperplane). The sizes of the blocks of
the geometries dfanily 3 now follow easily.

It is obvious by definition that these define partial linear spaEasilies 2 and4 use the
hexagon structure, whil€amilies 1 and 3 only use the orthogonal structure. Notice that for
g = 2, our graphl’(q) is the complete @ph, hence the partial linear spalbg2) is actually a
linear space, i.e. a partial linear space in which all points are pairwise collinear.

Fanily 2 has the extra property that each of them {982q}-semi-patial geometry. Indeed,
consider a point and a non-incident block of the partial linear space, that is a spaadl a
pencil P of g2 spreads mutually intersecting In(S not being one of them). Eithdr is in the
spreadS and thenS meets all the spreads of the pencil in a regulud, @& not a line ofS and
then, by a counting argument similar ¢me we did above, there are exactly reads ofP
meding S in exactly one line.

This class of semi-partial geometidias leen discovered before by Thag],[ but the
construction given here is somewhat simpler. On the other hand, Thas’ construction arises from a
more general method of constructing semi-partial geometries. Thas defines and uses so-called
SPGreguli, which are solely designed to produce semi-partial geometries. The generalized
hexagonH(q) comes into his construction just becauke properties of the line set of this
hexagon, as a subset of the line set of the quag«ig, q), alow him to prove that a certain
object is an SPG-regulus. Our construction method yields other families of geometries, since we
focus on the particular strongly regular graptg). No semi-patial geometries arise anymore.

4. Automor phism groups

The automorphism groups of the members offamilies 1 and3 contain the automorphism
group of Q(6, q); those of the members éfamilies 2 and4 the aubmorphism group oH(q).
The question is now whether other automorphisms arise.

We will first deal with Fanily 2. We start vith a lemma.

Lemmad. Let S bea Hermitian spread irH(q), and let L be a line not belonging 8. Then
every regulus of lines i every member of which is not opposite L contains the unique spread
element S ofS concurrent with L.
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Proof. Let Rbe aregulus consisting of lines §fnot opposite.. Let IT be the set of projections
of the members oR ontoL. Clearly, if | II| = q + 1, thenthe intersection oS andL belongs to
II,and soS € R. Herce, if S¢ R, then|II| < g+ 1, and so some poirton L is the projection
of two memberdVig, M1 of R. But now Mg, M1 and S all are at distance 3 from the poirt
By the distance-3 regularity df(q), and the &ct that the regulus determined By andM; is
contained inS, we seeghatR is precisely thategulus, and that it contair$s

The lemma is proved. O

N~ o a0 A~ W N P

Theorem 5. The full collineation group of the semi-partial geomefry(q) coincides with the s
full collineation group of the corresponding generalized hexalgom), for every q > 2. 9

Proof. We prove this assertion by reconstructing(q) from the given sempatial geometry 1
I2(). u

We start by @fining a relation| on the set of blocks of2(q). Let By, B> be two Bocks of 1
I'>(q). Then we call B; and By parallel, denotedB; || By, if no point of B; is collinear with any 13
point of By, or if By = By. 14

Suppose that each spread Bf contains the lind_j of H(q), i = 1, 2. Then we claim that s
By || Boifandonly if L1 = L. Indeed, ifL; = Lp, then his is a direct consequence of 1
Lemma 2 Suppose nowB; || Bp. If L1 # Lo, then here is a membef; of B; thatdoes
not containL. It follows from the counting @ument above (provindg»(q) is a semi-partial s
geometry) thatS; is collinear to exactly  points of the blockBy, and soB; and B, cannotbe 1

pardlel. The claim follows. It is now also clear th#tis an equivalace relation. 2
The equivalence classes of the relatjcare now taken as lines of an incidence geometry (the:
hexagorH(q) to be). It remains to define concurrency of lines in accordancekdt}). 2

Let x be a point ofl2(q), and lety be any point ofl>(q) notcollinear withx. Then he set 2
of 1 + q equivalence classes @fcorresponding with the blocks througtthat haveno points 2
collinear withy corresponds with a line reguluskih(q), more pecisely the regulus which is the
intersection of the spreads corresponding ®ndy. Also, the set of 14 g2 equivalence classes
each with a representative containing somedixoint, corresponds to a Hermitian spread in 2
H(q). Notice that two lines are opposite if and oniyhey are contained in a common Hermitian 2s
spread. 29

It now suffices to formulate concurrency of linestéfq) in terms of Hermitian spreads and
regui. Let L; andL be twolines ofH(q). Then we &aim thatL andL; are concurrentif and
only if the following property is satisfied: £

(*) If S is an arbitrary Hermitian spread containihg, then evey regulus consisting only of s
lines of S which do not belong to a Hermitian spread that also contajngontainsL ;. 3

If Ly andLy are concurrent the() is satisfied byLemma 4 Assume nw thatL; andL 35
satisfy ppperty(*) and letS bean arbitrary Hermitian spread containibg. ThenL; intersects s
one lineL of S and is at distance 4 from? lines of S. Let L’ be one of thesg? lines. Then =
the regulus determined by. and L’ is contained inS and contains only lines not opposite to s
L2, herce it must contairk.1 by (*). Therdore L1 is not oppositel,. Suppose now thalt; isat s
distance 4 from_». Let R be the regulus determined by andL and letLs be aline at éstance 4
4from Ly notin R. Then he regulus determined tfyand L3 is also contained i$ and contains
only lines not opposite td >, herce it must contairL1 by (*). This is a ontradiction since a  «
regulus is determined by any two of its members, and so the regulus determihearl s is a3
supposed to interse® in only one line. This proves that; must irtersectL». a

The theorem is now proved. [ a5
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We now ckal with Fanily 1. Renember that we automatically assume> 2, but we have
repeated it in the theorem below for clarity.

Theorem 6. The full collineation group of the partial linear spadg(q) coincides with the full
collineation group of the corresponding parabolic quadg¢6, q), for every q > 2.

Proof. We prove this assertion by reconstructin@(6, q) from the given partial linear space
I'i(q).

We start by @fining a relationf on the set of blocks of'1(q). Let By, B2 be two Bocks of
I'1(g). Then ve call B; and B; totally joined denotedB; t By, if By and By are disjoint and
everypoint of By is collinear with every point oB,. We clam that in this case the con&y
andC; corresponding t@; and B, share their veex. CallW; andW, the 4-space oPG(6, q)
containingC; and C,, respectively, and letp; and p2 be the vertex of the con€; and Cy,
respectively. Since the blocks are disjoi; and W, do not generate an elliptic hyperplane
of PG(6, q). There are twaases; eithe¥V; andW. generate a degenerate 5-sp&¢eor they
generate the whole spaP& (6, ).

In the first caseW = (x') and the perp of any point other thanin W cannot contain a
degenerate elliptic 4-space, hence= p; = pp as desired.

In the second case, we have divy N W) = 2. Let H1 be an elliptic hyperplane containing
Wi; that is,a point on B in I'1(g). Then dim{Hy N W>) = 3 andH; meets every elliptic
hyperplane through\V, in a degenerate 4-space, by hypoteeBhere are threpossililities for
the intersection oH; andWs. It can either be (a) a nondegenerate 3-space, intersecsing
aQ~(3,q), (b) a simply degenerate 3-space, intersec@iagn a ane onp; overQ(2, q), or
(c) a doubly degenerate 3-space, intersec@agn a line through p, (by simply and doubly
degenerate we mean thidie intersection withQ(6, q) is a cone withO-dimensional and 1-
dimensional kernel, respectivelyh each case, the hyperplanes throWgh(g of them elliptic
and one degenerate) partition the set of pointslof, W-. If we consider only the points dfl;
that are on the quadric, this fact gives us the following equalities.

@ @*+3+q+D) - @2+ = 1-((PP+92+g+D — (@®>+ 1) +a((1+9+9% — (q2+1)),
(b) (*+93+9+1) —(g°+9+1) = 1-((3+9+1) — (4%+9+1)+q((1+9+93 —(92+qg+1)),
© @+P+d+D-@+H=1-(@+qg+D—@+1)+a(1+g+0g®—(@+1).

Now, on the one hand, (a) and (b) are never satisfied (under the assuapti@ror (g)). On
the other had, (c) is always satisfied. Hen#é meetsH; in adoubly degenerate 3-spaBel et
7 =W NW, C S If = does not contaimy, then take any hyperplarté] throughs containing
W, butnot containingS. ThenHj intersects\, in a nondegenerate 3-space, and we are in case
(a), a contradiction. Sa does contairp,. It can either contain the unique line 6% in S or
not. In the first case take again any hyperplétjethroughz containingW; but not containing
S. In the seond case, there exists a 3-spac&\bfthroughs not tangent taC, (because > 3
and there are at most two such tangent 3-spaces). TherHipgenerated by this 3-space and
Wi. In both casesH; intersectsi\, in a simply degenerate 3-space and so we are in case (b), a
contradiction. This proves the claim.

Now definepoints of an incidence geomety as being the equivalence classes of the
transitive closure of the relatioh We clam that this construction gives exactly the points of
Q(6. ).

Indeed, each block afy(q) corresponds to an elliptic cone, and hence to a poiQ@ q),
namely the vertex of that cone. If two blocks are in the same equivalence class, then there
exids a sguence of blocks of which consecutive pairs satisfi5o allthe mnes share the
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sane vertex, by the claim above. Now suppose two bloBksand B, correspond to cones 1
C1 and C; that share their vertex, say. Then either the corresponding 4-spaces intersect.
in a doubly degenerate 3-space (meeting the quadric in a single line), aml $B,, or 3
the corresponding 4-spaces intersect in a gjnggigenerate 3-space (meeting the quadric in 4
a mne overQ(2, q)). In this last case we now show that there always exists a third blocks
B3 corresponding to a cone with vertexsuchthat B; 1 B and Bz T By. Indeed, projecting
the tangent hyperplane at to Q(6, q) from x, the @nesC; and C, correspond to elliptic 3-
dimensional quadricE&; and Ep, resgectively, on a 4-dimensional quadr@(4, q), sharhg a 8
plane conicC. Let z be any point ofE; \ Ep, and onsider the tangent plane at z to Ej. 9
This plane meets the space generatedEhyin a line L having empty intersection witl,. 10
Therefore there exists a tangent planeto E, containingL. The s@ce generated by; and  u
o is a 3-space that mee@¥(4, q) in an elliptic quadricEs (because it contains a pointsuch 1
that the tanget plane to the intersection only medfs in z). But the spaces generated By 13
and Ez, respectively, meet inr1, and soE; N E3 = {z}. This means that the blocB3 of I'1(Q) 14

corresponding to the cor@; over Ez with vertexx is totally joined toB;. Similarly By | Bs. 15
HenceB; and By are in the same equivalence class for the transitive closuyeTdfe chim is
proved. 17

Letl be aline of the quadric and Id@t be the 4-space tangeat that line. LeD be a 3-space s
in T containing no singular point outside loand letH be an elliptic hyperplane containiry 19
butnotT. There areg + 1 4-spaces irH containingD and each of them intersec@(6, q) in 2
an elliptic cone. Thesg + 1 dliptic cones all have distinct vertices, otherwise there would bex
apoint of| orthogonal to every point d?G(6, q). Theblocks ofI'1(q) corresponding to these 2
4-spaces are all concurrent, and they meet in the point correspondihd &t H; andHa betwo 23
points on two of these blocks, that is, they atkgptic hyperplanes containing distinct 4-spaces 2
throughD in H. ThenH; N Hy containsD, and so tfs intersection can only meet the quadric 2
in a cne overQ~ (3, ), sincethe tangent space at a line@4, q) is a 2-space. Consequently, 2
this pencil ofq + 1 blocks is such that any two points on these blocks are collinear. A set of
g + 1 conaurrent blocks such that any two points on these blocks are collinear will be called &
full star. 29

We define dine of the incidence geometr§ as a set of 1 q equivalence classes each s
having a representative contained in a common full star. We just proved that the points on a
line of Q(6, q) have representatives of the corresponding equivalence classes in a full star.s70
complete the proof, it is enough to show that two intersecting bloc3 @) such tlat any two s
points an these blocks are collinear represent collinear point®@, q), because the collinearity
graph ofQ(6, q) deterninesQ(6, q) completely and unambiguously (lines can be recovered bys
considering the maximal cliques of the ghagf common neighbors of two nonadjacent vertices; z
alternatively, lines arise as the séta, b))+, for collinear pointsa, b). a7

Assume we have twv such blocksB; and B,. Since they intersect, the corresponding ss
degenerate 4-spackg andW, generate an elliptic hyperplane. If the corresponding c@es
andC; share their veex, thenW; andW, generate a degenerate 5-space. So the vertices of the
cones are distinct. Assume they are non-collinear. Therand W> meet in a hondegenerate «
3-space itersecting the quadric in@ (3, q). Let H1 be an elliptic hyperplane throughy not
containingW,. Then dim{H; N C2) = 3 andH; N W = Wy N Wah. Moreover Hp meets every s
elliptic hyperplane througkl> in a degenerate 4-space, by hypatbgncluding the hyperplane .
containingW; and W,. As before, the hyperplanes throu@y (q of them elliptic and one
degenerate) partition the set of points dfl; \ W». If we consider only the points oH; that 4
are on the quadric, this fact gives us the following equality: a7
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@ +P+9+) - @+ =1-(@®+d*+q+D - @*+1)
+9(1+a+93 — @*+ 1)),

which has no solution fog > 3. Hence we proved that the vertices@f andC; are indeed
collinear. This completes the proof. O

We now urn toFamily 4. Remember that we automatically assume- 2 (bydefinition). But
we repeat this restriction for clarity in the theorem below.
We state therucial observation foFarily 4 in a lenma.

Lemma 7. Let I'4(q) be a member oFamily 4, where tke blockshave size ¢g — 1)/2. Let x be
any point of I'4(q), corresponding to the spreafl of H(q), and let B be any block of 4(q) not
incident with x, and corresponding to the reguidsof H(q). Denote bya(x, B) thenumber of
points inddent with B and collinear with x. Then we have:

(i) If g is even, thew(x, B) € {q(q{3) -1, q(q2’3) +1, q(qz’l) —1},anda(x, B) = @ -1
if and only if [ R N S| = 1.

(ii) If g is odd, thenx(x, B) € {482 1, 9@3 4@3) 4 g 4@D 3 4@, where the
first possibility of course does not occur foeg3), anda (X, B) = @ — 1if and only if
RNS| =1

Proof. Sincex is not incdent with B, the rggulusR is not contained in the spred@ HerceR
meetsS in at most one line.

First suppose tha andS share a lineM. Let R be anyline of R\ {M}. Thepencil of spreads
deternined byM andsS contains a unique spred through R, and hence throug®. No other
spread ofB can meetS in just M since his would imply by Lemma 2(a) that the spread meets
&S’ also jwstin M, a ontradiction (tley share all ofR). So inthis casex(x, B) = q(qT‘l) —1.

Now suppose thak andS are disjoint (a set of lines df(q)). Let D andH be the subspaces
of PG(6, q) generated byR and byS, resgectively. ThenD N H N Q(6, q) is an irreducible
conicC. Clearly, every ideal line ofi(q) — recall it is a line ofQ(6, q) that is not a line oH(Q)

— contained inD has a unique point in common with Let 7 be the set of 1 g lines of S
incident withsomepoint ofC. Let O be the set of points dfi(q) at distance three from each line
of R. The sel®¥ is a mnic onQ(6, q) the nuclais of which coincides with the nucleus@f6, q)

(if g even),and it contains exactly the points whose tangent space coritaiR@adly, let n be
thenumber of elements & not incident with a point oD. It is also he number of points a®
not incident vith a line of S.

Now let H’ be any hyperplane G (6, q) containingD. Notice that each member 6\ 7 is
contained in exactly one hyperplane throughndeed, every element &f\ 7 is disjoint from D,
and so, together witD, generates an hyperplaneHf is elliptic, then it contains either- g or
exadly one element of, and all these elements are opposite all membefs.dfhen, the elliptic
hyperplanes through contain in totat(x, B)-(14+a)+(*%2 —a(x, B)) = qa(x, B)+ 342
lines of S. None of these lines belong ©.

If H' is tangent, then the corresponding tangent pairitelongs toO. If p is incident with
aline of S, then dearly H’ cannot contain any other line 6f (because it contains only lines at
distance 1 or 3 fronp). If pis not incident with a line of5, thelines ofH(q) through p meet
D in an ideal lind, which intersectshe conicC in a unique pointc. Suppose that one of these
lines throughp intersects an element @f in a pointi distinct from c. Thepointi is not onC
and the linepi intersects one of the lines & in j. Let k be the point of such that the line
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of R throughk and the line of7 throughi meet in a point of’. Sincethere are no triangles in
H(q), thepointsj andk are distinct. We see that there is a path of length 6 betwesrdk in
H(q). But, j andk being on a ideal line, we havg L kin Q(6, g) and so must they must be at
distance 4 irH(q), acontradiction. Hence, except the line througleveryline of H(q) through

p meets a unique element8f\ 7. Since eery line at distance: 3 from pis in pt, the tangent
hyperplanes througb contain in totahq lines ofS \ 7.

If H' is hyperbolic, then it contains exactly the lines of a subhexagon of qddep. This
subhexagon contains two poings p’ of ©, and also all lines through the points jm- N D and
p't N D. These two sets aideal lines and thusantain two points o’ (one each). Henckl’
contains exactly two lines df, and so theagulus defined by these two lines. Of course, thereio

© ® ~N o o A W N P

can be no more lines & in H' as any regulus af and every additional line af generateH . 1

SoH’ contains exactly| — 1lines of S \ 7, and in total, all hyperbolic hyperplanes through 1

contain(q — 1) %% jines of § \ 7. 1

If we add the foregoing numbers, then we obtain the identity 1
-1 +1

gex, B+ 12 4 ng+ @03 —g? g, .

hence 1

-1
a(X, B) = q(q ) —n 17

Now we determin@. Renark first that, ifx € O belongs toH, then he element of through 1
x meets a line ok, and hence belongs t6. Butnow H meetsO in 0, 1, 2 or 1+ g points (for 1
g odd), or in 0 or 2 points (fog even; ingked, in this casél does not contain the nucleus of
Q(6, ), herce no tangent line t@ is contained inH). So we hava € {0,q—1,q,1+q}forq 2
odd, anch € {q — 1, 1+ q} for g even. Sike in either case, this impliegx, B) # q(q—z‘l) -1, 2
the lemma is proved. O 2

Theorem 8. The full collineation group of the partial linear spad@(q) coincides with the full 24
collineation group of the corresponding generalized hexdgam, for every q > 2. 2

Proof. We define a seand geometryl;(q) as follows. The point set of;(q) is the pont set =
of I'4(q). Theblocks are defined as follows. Consider a poirdf '4(q). For each poin’ not  »
collinear withx, we definethe blockBy x as the set of points” of I'4(q) not collinear withx 28
and such that, for every blod& of I'4(q) incident withx satisfyinga (x’, B) = @ —1l,we

havea(x”, B) = @ — 1, also the poink itself belongs toBy y by definition. Notice that s
x' € BX,X’- 31

We intend to show thaf’;(q) is isomophic to 12(q). 2

We interpret By x in H(Q). LetS andS’ be the spreads correspondingtandx’, resgectively. =
ThenS and S’ meet in a sigle line M of H(q). Let B be a block ofI'4(q) incident with x 34
and such thatt(x’, B) = q(q_z—l) — 1. By the foregoing lemma, we know that the reguRls s
corresponding tdB containsM (andlies in S). Conversely, every regulus iH(q) containing s
M and being itself contained i defines a blockB of I'4(q) with «(x’, B) = q(q—z‘l) —-1.S0, «
the pread corresponding to an elemefitof By x \ {X, X'} must, by the foregoing lemma, meet s
every rgulus ofS containingM in a single line. This is only podsle if that single line coincides s
each time withM. Conversely, if the spread corresponding to a pgiftersectsS in exactly 4
M, then it satisfies the condition, and soe By . We now see thaBy y is nothing else than  «
a pertil of spreads. It follows easily thal;(q) is isomophic to I2(q). So the autmorphism 2
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group of I'4(q) is contained in the automorphism group B5(q), which isisomorphic to the
automorphism group ofi(q) by Theorem 5 On theother hand, the automorphism group of
I'4(q) obviously contains the automorphism grougHify), herce the conclusion. [

We now urn toFamily 3. Here,q > 4 by definition.
We firststate thecrucial observation foFanily 3 in a lemma. We treat the cageeven. The
caseq odd is sinilar. Afterwards, we prove two additional lemmas.

Lemma9. Let I'3(q) be a member ofFamily 3, where tle blockshave size ¢2. Let x be
any point of I'3(q), corresponding to the elliptic hyperplane H ¢&G(6, q), and let B be
any block of I'3(g) not incident with x, and corresponding to the nondegenedaspace D
of PG(6, q). Denote bya(x, B) the number of points incident with B and collinear with x.
Thena(x,B) € {q/2,9/2 — 1,q/2 — 2}, and if the 3-space HN D is degnerate, then
a(x,B)=0q/2—-1.

Proof. First suppose thdd N H is dggenerate, i.ek := D N H meet(6, q) in a onek over

a mnic (E cannot be doubly degenerate — recall that dgalelgenerate means that the cone has
aline as vertex — sinc® N Q(6, q) does not contain planes). Then there is a unique (elliptic
degenerate) 4-spad® C H tangent toH N Q(6, g) with E C D’. All other 4-spaces iH
containingE are nondegenerate. The hyperplane spanndd bpd D’ is elliptic, as it contains
the elliptic degenerate spaf®. As dl other hyperplanes through meetH in anondegenerate
space, we see that(x, B) = q/2 — 1.

Now suppose thaD N H is nondegenerate hyperbolic. As a hyperbolic quadric in projective
3-space cannot be contained in any degenetiiéi@quadric in projective 4-space, we see that
a(x, B)y =q/2.

Finally suppose thaD N H is nondegenerate elliptic. Then, by a counting argumeint,
contains exactly two 4-spac®y and D3 that intersect the quadri@(6, q) in elliptic cones with
base inD N H, and with vertex p1, p2, resgectively, inH. Every elliptic hyperplane througb
thatdoes not contaiip; nor p corresponds to a point collinear wixtin 3(q). If the hyperplane
generated byD and p; (or similarly py) is dliptic, then the corresponding point is not collinear
to x in I'3(q). Remark that the tangent hyperplane$x, q) at p; and p2 cannot both contain
D, otherwisethe line D is contained inH (which is not the caseirsce the nucleus t@Q(6, q)
is notin D nor H). If one of the tangent hyperplanes@g6, q) at p; or p2 containsD, then we
havex(x, B) = q/2 — 1; otherwisex(x, B) = q/2—2. O

We now prove a lemma about dual conics in a plane of even order. Note thémidhaucleus
of a dual conic is the line consisting of all points that are incident with precisely one line of the
dual conic. We will also call a point that is incident with exactly two lines of the dual conic a
secant pointNotice that all points on a line of the dual conic are either secant or are on the dual
nucleus line.

Lemma 10. Let© be a dual conic ifPG(2, q), with q even and g> 8. Let p be a secant point,
incident with the two lines LL" of O, and let p # p1 be another secant point on L. Then for
at leastmax{4, g — 6} points x on L distinct from pand distinct from theritersectiam of L with
the nucleus line N o, there exits apoint X on L, with x'p2 ¢ O and X not on N, such that
the line xX contains a secant point y with yp X’ p2 again a secant point.

Proof. Let © have equationAgAy = Ai, where [Ag, A1, A2] are coordinates of lines in
PG(2, ). Thepoint p; can be chosen to have coordinat@sl, 0), while we can take for the
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point pz the mordinateg0, 1, 1), without loss of generality (indeethe collineation group fixing 1
O, L andp; acts transitively on the secant pointslodlistinct from p; as a cyclic group of order -
g — 1). ThenL has coordinatefl, 0, 0]. Chooseb € GF(q) \ {0, 1} arbitrarily, but such that
b3 # 1 andb® # b+1. We remark that, iff > 8, then atleag{—7 sucmumbersd exig;if q =8,
thenx® = 1 has aunique solution, buk® = x + 1 has pecisely 3 solutions, hence in this case s
exadly 3 suchb can be found. Lex’ be the point(b, 1, 0). Thenx’p2 has coordinategl, b, b] 6
and is not a line of the dual conic. The point (b%+b3, 1+b+b?, 1) is incidentwithx'pand -
is a secant point. Indeed, & incident with the two line$l, b + 1, b? + 1] and[1, b, b*] of © 8
(and these do not coincide sine&+# 1, henceb? + b+ 1 # 0). Now p1z, whichhas coordinates o
[1, 0, b2+ b3], contains the secant poigt= (b?+b?* 1+b+b3, 1+b). Thisis indeed a secant 1
point as it is incidentvith the conic lineg1, 1+ b2, 1+ b* and[b? + 1, b% + b2, b*]; these are
different becausb® # b+ 1. Nowx'y has equatiofb+ 1, b+b?, b] and meetsthe line inthe 1
pointx = (0, 1, b + 1), asone can easily verify. Varying, andnoting thd alsox = pz almost 1
trivially satisfies the conditions, the lemma follows. 1

The pointx in the previous lemma will be said tze planarly spanned by,pwith respectto 15

P1. 16
This lemma now implies another version of itself. 17

Lemma 11. LetO be a dual coniciPG(2, q), with g even and ¢~ 8. Let p be a secant point, s
incident with the two lines LL’ of O, and let p # p1 be another secant point on L. Then for 1
every point x on L distinct from jpand distinct from the interséion of L with the nucleusline
N of O holds that either it is planarly spanned by with respect to p, or there eists apoint =
z on L dstinct from p and distinct from the intersection of L with N which is planarly spannec::
by p with respect to p, such that x is planarly spanned by z with respect {o p 2

Proof. Clearly “x being planarly spanned by with respect top; is symmetric. Now leik be 2
arbitrary onL but diginct from p; and distinct from the intersection afwith N. Theprevious =
lemma implies readily that there is a poinbn L which is planaiy spained by bothp; andx, 2
with respect top;. The lanma now follows. [ 27

We can now prove our last main theorem. In the proof, we use the following notatiom Let 2
be any point and any block of’3(q) not incident withp. Then wecall the plane sparof p 29
andB the linear span if3(q) of the ani-flag { p, B}, and wedenote it by PISpp, B). We have
chosen to avoid the notatigmp, B) in order not to confuse with the span of the duals of thesex
elements as subsets of thiederlying projective space. 2

Theorem 12. The full collineation group of the partial linear spaég(q) coincides with the full ~ ss
collineation group of the corresponding parabolic quad@¢6, q), for every q> 4. 3

Proof. Our mehod of proof is to reconstruct frorfiz(q) the geometry(q), and therappealto s
Theorem 6 36

We remak that, if we apply a duality in the projective spacBG(6, q), then he points of
I'3(q) are points of that space, and blocks anerfed by subsets of lines in that space fardd,
onecan take as duality the polarity associated v@it®, q) and then we see thék(q) isnothing s
else than the geometry of elliptic pogndnd nonisotropic lines with respect @(6, q)). We will 40
denote byp? the image under the duality of the elliptic hyperpland’@(6, q) corresponding  «
to thepoint p of I3(q), andby B the image of the nondegenerate 4-space giving the bick =
of I'3(Q). 43
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Let p1, p2 betwo points that are not collinear ih3(q), then he set of pointsp of I'3(qQ)
suchthat p? lie on the line(py p2)? of the dual projective space forms precisely a bl&céf the
corresponding geometid; (q) of Family 1.

We firsttreat the caseg even. We slect an arbitrary bloclB containingpz and sub that
a(p1, B) = q/2 — 2 (with notation as inLemma 9. It is straightforward to verify that such
blocks exist in abundance. In the dual projective spep@eis apoint, andB¢ is a line. Letr
be the projective plane containimﬁ and BY in the dual projective space. Of courdgd is
contained entirely inr. Now, r is the image unded of a nondegenerate elliptic 3-dimensional
projective subspac# of PG(6, q) (with respect toQ(6, q)); this follows fromLemma 9 The
points of I'3(q) whose image undeat is in 7 can be identified with the elliptic hyperplanes of
PG(6, q) throughil, and the bbcks of I'3(q) whose image undet is in 7 can be identified with
the nondegenerate 4-space®& (6, q) not containing the nucleus (6, ) but containing/I.

The tangent 4-spaces throudh form a conic in the residue off in PG(6, q). Within
this residue, the elliptic hyperplanes coperd to the lines that intersect the conic in two
points (because they containd tangent 4-spaces), the hyperbolic hyperplanes to the lines not
intersecting the conic and tangent hyperplanes to tangent lines.

Therefore we see that there is a dual nondegenerate €anier, such hat the points ofr
which are an image undet of a point ofI'3(q) are exactly the points lying on exactly two lines
of C (that is the secant points), and the linesroivhich are an image undet of a block ofI'’3(q)
are all the lines ofr different from those i€, anddistinct from the dual nucleus lind of C.

The image unded of the dane span PISgp1, B) is olviously contained int, the images
of the points corresponding some secant points tbinsiderx and the images of the blocks
corresponding to some lines not@nanddistinct from the dual nucleus lind of C. Now ndice
that every point whose image undegis on (py p2)9, is diginct from pg and is planarly spanned
by pg with respect top‘lj with a choserxd (with x’ not collinear with p; but collinear with p,
in I'3(q)) can be geometrically recognized: consider the point&;0f]) on the tlock x’ p2, they
are all collinear withps (unless it ispz itself); for each such poirt consider the blocks through
x’ that intersect the blockzz nontrivially; all these blocks contain either no point different from
x" and not collinear in/’3(q) with p1 (corresponds to the case where the image uddsfrthe
block meets the dual conic lingz p2)¢ in apoint on the dual nucleus) or exactly one such point
(because there are two dual conic lines thropgland all their points are secant points, except
for the points on the dual nucleus); the points in this last case are the points we are looking for.
Add pp, andyou get the set of points that are planarly generategbwith respect top; and
usingx’ as inLemma 10

We can now denote the unique point Brdifferent from p, and not collinear withps in I'3(q)
by x’, and wecan look at the set of points that are planarly generatefbyith respect top;
and using«’. Varying the lbock B through p2 suchthata(p1, B) = q/2 — 2, we thus obtain a set
P* of points. Playing the same game with every poinPgfin the role ofp,, Lemma 1limplies
that the undn of sets thus obtained is precis@y\ {p1}. We have econstructed in a geometric
way theblocks of'1(q) and the theorem follows.

Now letq be odd. Here the duality can easily be visualized as the polarity corresponding to
thequadric, that is the quadric is the set of absolute points of the polarjtyisi&point of I'3(q),
then pd is an elliptic point ofPG(6, q). If B is a block ofI’3(q), thenBY is a line of PG(6, q)
intersecting the quadric in 0 points (in which céBé¢ = (g + 1)/2) or in 2 points (in which case
|B| = (g — 1)/2). Sincep; and py are non-collinear in3(q), thepoints pi’ and pg must be on
a tangent line to the quadric. Our goal is to recova@sttangent line from the points and blocks
of I'3(q).
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[

We sekct a blockB of size(q + 1) /2 throughp2 suchthat p; is collinear to all but one points
of this line. Then it is easily seen thBf and pi’ span inPG(6, q) a planer meeting the quadric
in a singlepoint, sayc. We clam that the image of the plane span P{p B) underd contains
all elliptic points ins, and hus the maximal coclique containing and pz in PISp(p1, B)
corresponds exactly to the tangent line we are logkor. Hence we will have reconstructed in
a geomeic way theblocks of'1(q) and the theorem follows.

We now provehe claim.

In this paragraph all points considered are pointd'efg) whose image unded is in 7.
We will say tha the point x spans tie pointy (not on B) if y € PISpx, B). In tha case
PISply, B) € PISpx, B). Let y’' be a point on a common block with and a point ofB, 10
suchthat y"¥ is on the tagent linecxd. By construction, PISfy, B) = PISpy/, B). Taking  u
in 7 an homology with axiB? and centec mappingx® to y9, we see tht PISgx, B) and 1
PISpy’, B) = PISpy, B) contain the same number of points, and so PJSB) = PISpx, B). 13

N

w

© o N o o &

Hence here exist pointx1, Xo, .. ., X, such ttat the sets PISp;, BY(=1,....n) partition 14
the set of elliptic points ofr not onBY. Without loss of generality, we can assume thattfie s
are such thax? is on the tagent linecpt. "

LetT bean elliptic tangentline ot , that is a line throughin 7 containing only elliptic points 17
except forc. By projecting B¢ from the dif'ferenlxid 's, we ®e thafT contains at leasg — 1)/2 18
points from each PISp;, B)9. Suppose there exists anfor which T contains exactlyq— 1)/2 19
points of PISpx;, B)Y. By projecting one elliptic tangent onto another from any elliptic point in 2o
PISp(xi, B)Y, we see tht the number of points of PI$n, B)d onany of the elliptic tangentlines =
is (q — 1)/2. We bild a point-line geometry with point set the elliptic points of P{gp B)¢ 2
andc, and adines the images ofe blocks in PISfx;, B) and the intersections of PI8p, B)d 23
with the elliptic tangent lines, each adjoined withThen we obtain a geometry where each line 2
has(q + 1)/2 points, each pair of points is on a line, and each point i&poa 1) /2 lines. Hence =
this is a projective plane of ordég — 1)/2, a subplane at. Since a subplane of a Desarguesian 2
plane must be Desarguesian of the same characte(igtic,1) /2 must be gpower of the same  »
prime thatq is a power of, aontradiction. Therefor& contains at leadig + 1)/2 points from 2
each PISpx;, B)Y. But shce T contains exactly elliptic points, there cannot be two distinct 2

spans, and so PI$pz, B)Y contains all elliptic points inr. 30
This completes the proof of the theorem.[d 3
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