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2

Abstract 3

Wedefine four families of geometries with as point graph the graph — or its complement — of all elliptic4

hyperplanes of a given parabolic quadric in any finite 6-dimensional projective space, where adjacency is5

given by intersecting in a tangent 4-space. One of the classes consists of semi-partial geometries constructed6

in J.A. Thas [SPG-reguli and semipartial geometries, Adv. Geom. 1 (2001) 229–244], for which our7

approach yields a new construction, more directly linked to the split Cayley hexagon. Our main results8

determine the complete automorphism groups of all these geometries. 9

c© 2005 Published by Elsevier Ltd 10

11

1. Introduction 12

In a recent paper [4], the first author classifies all partial linear spaces (these are point-line13

incidence geometries where every pair of points is incident with at most one line) admitting a rank14

3 primitive automorphism group of almost simple type. The classical symplectic, Hermitian and15

orthogonal polar spaces, the Fischer spaces, the buildings of typeE6 are well-known examples 16

of such spaces. In her list also appear new partial linear spaces, among them some admitting17

G2(3), G2(4) or G2(8) : 3 as automorphism group (several new spaces appear for each of these18

three groups). For the first group, the geometries were described in terms of elliptic points of 19

PG(6, q) with respect to a nonsingular quadratic form. For the other two groups, the geometries20

were described in terms of elliptic quadratic forms polarizing into a nonsingular bilinear form of 21

a 6-dimensional vector space over GF(4) and GF(8), respectively. 22
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The two authors later noticed that, unlike in the paper [4], it was possible to describe these1

spaces in a common setting, that of elliptic hyperplanes with respect to the parabolic quadric2

Q(6, q). Moreover thesenew descriptions of the rank 3 geometries extend to anyq.3

These geometries all have as collinearity graph the strongly regular graphΓ (q) (or its4

complement) obtained from the parabolic quadricQ(6, q) by considering all elliptic hyperplanes5

(and adjacency is given by meeting in a tangent 4-space of the quadricQ(6, q)). In the present6

paper, we define four classes of geometries which admitΓ (q) or its complement as collinearity7

graph, and which generalize to arbitraryq the examples in the list of [4]. One of these8

classes coincides with the class of semi-partial geometry discovered by Thas in [7]. Where the9

construction of Thas follows from a more general theory and can be applied in other situations10

as well, our construction is more direct and relates the semi-partial geometries directly to the11

corresponding split Cayley generalized hexagons, see below. Moreover, our construction allows12

us to determine the full automorphism group of the geometries, and we do this for all four classes.13

This is the main motivation of our paper. Our method is purely geometric: we reconstruct from14

the given geometry either the point-line geometry of the quadricQ(6, q) (and conclude that the15

full collineation group of our geometry is the full automorphism groupPΓO(7, q) of Q(6, q) in16

PG(6, q)), or the generalized hexagonH(q) (andwe conclude that the full collineation group of17

our geometry is the group AutoG2(q) of type preserving automorphisms ofH(q) — thegroup18

AutoG2(q) coincides with the full automorphism group AutG2(q) unlessq is a power of the19

prime 3, in which case it has index 2).20

For smallvalues ofq, it is apparent from our construction that the automorphism group acts21

as a rank 3 group on the point set. Hence we obtain a computer free proof of the existence of the22

relevant examples in [4], which was our initial motivation for this work.23

Finally, we were not yet able to use our results to determine the full automorphism group of24

the graphΓ (q), but our results could possibly be used to show that it is isomorphic to the full25

automorphism group ofQ(6, q) for q ≥ 3.26

2. Preliminaries and terminology27

The parabolic quadricQ(6, q) of the projective 6-dimensional spacePG(6, q) over the28

finite Galois fieldGF(q) with q elements is the null set of the quadratic polynomialX0X4 +29

X1X5 + X2X6 − X2
3, with respect to a given basis. Theperp relation, denoted⊥, relates30

points that are collinear onQ(6, q), i.e., their joining line is entirely contained inQ(6, q).31

Recall that the Grassmannian coordinates of a line ofPG(6, q) incident with the points32

(x(i )
0 , x(i )

1 , x(i )
2 , x(i )

3 , x(i )
4 , x(i )

5 , x(i )
6 ), i = 1, 2, are equal to(p01, p02, p03, . . . , p56), where the33

pi j ’s are ordered lexicographically with respect to their subscripts, and where34

pi j =
∣
∣
∣
∣
∣

x(1)
i x(2)

j

y(1)
i y(2)

j

∣
∣
∣
∣
∣
.35

We define the following point-line geometryH(q). The points of H(q) are all points36

of Q(6, q). The lines of H(q) are the lines onQ(6, q) whose Grassmannian coordinates37

(p01, p02, . . . , p56) satisfy the six relationsp12 = p34, p56 = p03, p45 = p23, p01 =38

p36, p02 = −p35 andp46 = −p13.39

The geometryH(q) is ageneralized hexagon (6-gon) of order q, i.e., the incidence graph has40

diameter 6, girth 12 (thegirth of a graph that is not a tree is the length of a smallest cycle) and41

valency 1+ q.42
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The generalized hexagonH(q) is called thesplit Cayley hexagon. The above construction is 1

due to Jacques Tits [8], see also Chapter 2 of [9]. 2

2.1. Some further terminology 3

If we talk aboutdistancebetween two elements — points and lines — of a generalized4

hexagon, then we mean the distance in the incidence graph. The definition of a generalized 5

hexagon immediately implies that the maximal possible distance between two elements is six,6

and in this case we call the two elementsopposite. An easy counting shows that there areq5
7

elements opposite any given element in a generalized hexagon of orderq. 8

Two points at distance 2 from each other will be calledcollinear; two lines at distance 2 from 9

each other will be calledconcurrent. 10

A spreadof a generalized hexagon of orderq is a set of 1+ q3 mutually opposite lines. It 11

then follows that every line of the generalized hexagon is either a member of the spread, or is12

concurrent with a unique member of the spread (see 7.2.3 of [9]). 13

Let L andM be two opposite lines in a generalized hexagon, and letΥ be the set of all points 14

that are at distance 3 from bothL andM. Suppose that there are 1+ q lines at distance 3 from 15

every element ofΥ . Then we say that the generalized hexagon satisfies theregulus condition 16

(see [5]) or that it is distance-3 regular (see [9]). In such a case we call the set of 1+ q lines 17

at distance 3 from every member ofΥ a regulus. The split Cayley hexagonH(q) is distance-3 18

regular. Note also that a regulus inH(q) is a set of skew lines ofQ(6, q) in a 3-dimensional 19

subspace; hence it is the set of generators of a hyperbolic (or “ruled”) quadric isomorphic to20

Q+(3, q). Also, aline of Q(6, q) that is not a line ofH(q) will be called anideal lineof H(q). 21

A generalized hexagon is an example of apartial linear space, i.e., a point-line geometry∆ 22

with the property that twodistinct points are incident with at most one line. Thepoint graphof 23

∆ is the graph with vertices the points of∆ and edges are pairs of collinear points. Astrongly 24

regular graph with parameters(v, k, λ, µ) is a graph withv vertices, such that every vertex 25

is adjacent to exactlyk vertices, every edge iscontained in exactlyλ triangles, and every two 26

nonadjacent vertices have exactlyµ common neighbors. A ({0, α}-) semi-partial geometryis a 27

partial linear space with strongly regular point graph and such that there exist constantss, t, α, 28

where 1+ s is the number of points on any line, 1+ t is the number of lines through any point, 29

and for any non-incident point-line pair(x, L), there are exactly either 0 orα lines throughx 30

concurrent withL. Semi-partial geometries have been introduced by Debroey and Thas [3] as a 31

common generalization of partial geometries (introduced by Bose [1]; these are the semi-partial 32

geometries where 0 does not occur in the above situation for(x, L)) andpartial quadrangles 33

(introduced by Cameron [2]; these are the semi-partial geometries withα = 1). 34

3. Constructions 35

Consider the classicalhexagonH(q) in its representation on the quadricQ(6, q) in the 36

projective spacePG(6, q). Take a hyperplane ofPG(6, q) intersecting the quadricQ(6, q) in an 37

elliptic quadricQ−(5, q) (such a hyperplane will be calledelliptic). It is well known that the set 38

of lines ofH(q) contained in the elliptic hyperplane forms a spread ofH(q). This spread is called 39

Hermitian. This construction is due to Thas [6]. It easily follows that the regulus determined 40

by two arbitrary lines of a Hermitian spread is entirely contained in the spread, which is a well41

known straightforward property. 42

We will define a strongly regular graph whose vertices are all these Hermitian spreads (or 43

equivalently all the elliptic hyperplanes). First we need two lemmas. 44
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Lemma 1. Two Hermitian spreads of a classical hexagonH(q) meet in either one line or in a1

regulus.2

Proof. Two Hermitian spreads are determined by two elliptic hyperplanes, which meet in a 4-3

spaceW. We regardW as a hyperplane in one of the elliptic hyperplanes, sayH . We note4

that the Hermitian spreadS in H also defines a spread of the generalized quadrangleQ−(5, q)5

obtained by intersectingQ(6, q) with H . Now, the4-spaceW can either be tangent to the quadric6

Q−(5, q) (say, in the pointx), or meetit in a Q(4, q). In the firstcase, there is clearly exactly one7

line of the spreadS of Q−(5, q) contained inW (and it is the unique line of the spread through8

x). Consequently the spreads meet in a unique line. In the second case, we show that there are9

exactly q + 1 lines ofS in Q(4, q). Indeed, each line ofS that is not contained inQ(4, q) meets10

Q(4, q) in aunique point, and different such lines give rise to different such points. SinceQ(4, q)11

has exactly 1+ q + q2 + q3 points, it is easy to calculate thatQ(4, q) must contain exactlyq + 112

elements ofS. All these must be contained in a regulus, as the regulus determined by any two13

members ofS is contained inS and the regulus determined by two elements ofS in aQ(4, q) is14

entirely contained in thisQ(4, q). �15

Lemma 2. (a) Let H1, H2, and H3 be three distinct elliptic hyperplanes and letS1, S2, and16

S3 be the respective Hermitian spreads. IfS1 and S2 meet in some set S which is either17

a line or a regulus, andS2 meetsS3 in the same set S, thenS1 and S3 meet alsoexactly18

in S.19

(b) The set of Hermitian spreads containing a given line is partitioned into1
2q(q − 1) classes of20

q2 spreads mutually intersecting in exactly that line (we will call each such class of spreads21

a pencil).22

(c) Given a pencil P through the line L, every line opposite L is contained in exactly one spread23

of P.24

(d) There are exactly12q(q − 1) Hermitian spreads containing a given regulus.25

Proof. (a) This follows directly from the previous lemma ifS is a regulus.26

Now suppose thatS is a line. ThenH1 ∩ H2 ∩ Q(6, q) is a cone with vertexx12 in the 4-27

spaceW12 = H1 ∩ H2. Similarly, H2 ∩ H3 ∩ Q(6, q) is a cone with vertexx23 in the 4-space28

W23 = H2 ∩ H3. ThespaceW12 contains all lines ofH1 ∩ Q(6, q) throughx12. Suppose they29

are in H3. Then, since they are also inH2, they should be inW23 ∩ Q(6, q). Hence H1 ∩ H330

does not contain any line ofQ(6, q) different fromS throughx12, unlessx12 = x23 (but then31

clearly H1 ∩ H2 = H2 ∩ H3 = H1 ∩ H3 and the result follows). Hence, ifx12 �= x23, then32

H1 ∩ H3 ∩ Q(6, q) must also be a cone, since a nondegenerate quadricQ(4, q) hasq + 1 lines33

through each point. The first part of the statement follows.34

(b) Let S be aline of H(q). Therelation “. . . is equal to . . . , or, . . . meets . . . in exactlyS” is35

by the above an equivalence relation in the set of Hermitian spreads containingS. Let S be a36

Hermitian spread containingS, with corresponding hyperplaneH , and letW be a 4-space ofH37

containingSand meetingQ(6, q) in a degenerate quadric. Then each elliptic hyperplane distinct38

from H , but throughW defines a spread which meetsS in preciselyS. There areq + 1 choices39

for W. For a givenW, there areq + 1 hyperplanes throughW from which we must remove40

H itself and the tangent hyperplane throughW. Notice that every remaining hyperplaneH ′ is41

elliptic (from the structure of the tangent hyperplaneW of H ′ to the quadricQ(6, q) ∩ H ′).42

Hence there are(q − 1)(q + 1) = q2 − 1 other Hermitian spreads in the same equivalence class43

asS.44
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Counting in two ways the number of pairs(S, L), whereS is a Hermitian spread ofH(q) and 1

L a line contained inS, wecan calculate that there are precisely1
2q3(q − 1) Hermitian spreads 2

throughL. Whence the assertion. 3

(c) It is well known that there areq5 lines opposite a given lineL in H(q). Each of theq2
4

spreads inP containsq3 lines opposite toL and no line oppositeL can be in two of these spreads 5

since they intersect exactly inL. Hence the result. 6

(d) Consider a regulusR and two linesL1 andL2 of R. From(c) we know that in each pencil 7

of spreads throughL1 there is exactly onespread containingL2. As the regulus determined by 8

any two members of a spread is contained in that spread, these1
2q(q − 1) spreads all containR. 9

On the other hand, every spread containingR must be in one of theq2 pencils throughL1, so we 10

have got all of them. � 11

Theorem 3. LetΓ (q) bethe graph whose vertices are all the Hermitian spreads (or equivalently12

all theelliptic hyperplanes) of a classical hexagonH(q) and such that two vertices are adjacent 13

if and only if the spreads meet in a unique line (equivalently the elliptic hyperplanes meet14

in a tangent4-space to the quadric). ThenΓ (q) is a strongly regular graph with parameters 15

(
q3(q3−1)

2 , (q2 − 1)(q3 + 1), 2q4 − q3 + q2 − 2, 2q2(q2 − 1)). 16

Proof. It is well-known that there areq3(q3−1)
2 hyperplanes meetingQ(6, q) in an elliptic 17

quadric, hence the number of vertices. The degree of the graph follows easily fromLemma 2(b). 18

Take two spreadsS1 andS2 meeting in a lineL. By Lemma 2(b), there areq2−2 other spreads 19

meeting bothS1 andS2 in that same lineL. We nowneed to count the number of spreads meeting20

S1 andS2 in distinct lines. 21

Take aline L1 �= L of S1 and the pencilP1 of spreads throughL1 meeting S1 in only L1, or 22

being equal toS1. First notice that there is one line ofS2 at distance 2 fromL1 (by thedefinition 23

of the spread ofH(q)) andq2 at distance 4; these lines cannot be in a spread withL1. So there 24

are exactlyq3 − q2 lines of S2 oppositeL1. By Lemma 2(c), each of them is in exactly one 25

spread ofP1. Among thelines ofS2 oppositeL1, one isthe line L itself, k are contained in a 26

spread meetingS2 in a line, and(q2 − 1 − k)(q + 1) are contained in a spread meetingS2 in a 27

regulus. This gives us an equation that yieldsk = 2q − 1. Since there areq3 choices forL1, we 28

getλ = q2 − 2 + q3(2q − 1). 29

Now take two spreadsS1 andS2 meeting in a regulusR. By Lemma 2(a), there is no spread 30

meeting bothS1 andS2 in a line of the regulus. The same type of counting argument as above31

shows that there are 2q spreads through a given line ofS1 not onR and meetingS2 in a single 32

line. Henceµ = 2q(q3 − q). 33

Since these counts are independent from the choice of spreads,Γ (q) is strongly regular. � 34

Let us now define some families of partial linear spaces admittingΓ (q) or its complement 35

as a collinearity graph. The point set will always be the set of Hermitian spreads ofH(q) (or, 36

equivalently, of elliptic hyperplanes ofPG(6, q)). 37

Family 1. Blocks are the sets of q elliptic hyperplanes containing a fixed degenerate elliptic4- 38

space. This partial linear space will be denoted byΓ1(q). Here q> 2, otherwiseweobtain the 39

graphΓ (q) itself. 40

Family 2. Blocks are the pencils of q2 spreads containing a fixed line of the hexagon and 41

meeting mutually in exactly that line. This partial linear space will be denoted byΓ2(q). Here 42

q ≥ 2. 43



U
N

C
O

R
R

EC
TE

D
PR

O
O

F

YEUJC: 1025

ARTICLE  IN  PRESS
6 A. Devillers, H. Van Maldeghem / European Journal of Combinatorics xx (xxxx) xxx–xxx

Family 3. Blocks are the sets of elliptic hyperplanes containing a fixedQ(4, q) but not1

containing the nucleus ofQ(6, q) if q is even. Blocks have size q/2 if q is even and(q − 1)/22

or (q + 1)/2 (and both occur) if q is odd. This partial linear space will be denoted byΓ3(q).3

Here q≥ 5 (in fact,Γ3(4) is the complement ofΓ (4)).4

Family 4. Blocks are the sets of q(q − 1)/2 spreads containing a fixed regulus. This partial5

linear space willbe denoted byΓ4(q). Here, q> 2.6

For Families 2 and4, the sizes of the blocks follow fromLemma 2. For Family 1, among7

the q + 1 hyperplanes through a degenerate elliptic 4-space, one is the hyperplane tangent to8

the quadric, and the other ones are all elliptic, which gives the block size. ForFamily 3, we9

consider a nondegenerate 3-spaceW and the planePG(2, q) skew toW obtained by intersecting10

all hyperplanes tangent toQ(6, q) at a point ofW ∩ Q(6, q). ThenPG(2, q) intersectsQ(6, q)11

in a nondegenerate conicC; the4-space spanned by an arbitraryQ(4, q) on Q(6, q) containing12

W ∩ Q(6, q) intersectsPG(2, q) in a point p off C (distinct from thenucleus ifq is even).13

The elliptic hyperplanes throughQ(4, q) are now those hyperplanes throughW that intersect14

PG(2, q) in secants ofC through p, or in external lines ofC through p (depending only on the15

choice ofW andQ(4, q), but not on the chosen elliptic hyperplane). The sizes of the blocks of16

the geometries ofFamily 3 now follow easily.17

It is obvious by definition that these define partial linear spaces.Families 2 and4 use the18

hexagon structure, whileFamilies 1 and 3 only use the orthogonal structure. Notice that for19

q = 2, our graphΓ (q) is the complete graph, hence the partial linear spaceΓ2(2) is actually a20

linear space, i.e. a partial linear space in which all points are pairwise collinear.21

Family 2 has the extra property that each of them is a{0, 2q}-semi-partial geometry. Indeed,22

consider a point and a non-incident block of the partial linear space, that is a spreadS and a23

pencil P of q2 spreads mutually intersecting inL (S not being one of them). EitherL is in the24

spreadS and thenS meets all the spreads of the pencil in a regulus, orL is not a line ofS and25

then, by a counting argument similar toone we did above, there are exactly 2q spreads ofP26

meetingS in exactly one line.27

This class of semi-partial geometries has been discovered before by Thas [7], but the28

construction given here is somewhat simpler. On the other hand, Thas’ construction arises from a29

more general method of constructing semi-partial geometries. Thas defines and uses so-called30

SPG-reguli, which are solely designed to produce semi-partial geometries. The generalized31

hexagonH(q) comes into his construction just becausethe properties of the line set of this32

hexagon, as a subset of the line set of the quadricQ(6, q), allow him to prove that a certain33

object is an SPG-regulus. Our construction method yields other families of geometries, since we34

focus on the particular strongly regular graphΓ (q). No semi-partial geometries arise anymore.35

4. Automorphism groups36

The automorphism groups of the members of theFamilies 1and3 contain the automorphism37

group ofQ(6, q); those of the members ofFamilies 2 and4 the automorphism group ofH(q).38

The question is now whether other automorphisms arise.39

We will first deal withFamily 2. We start with a lemma.40

Lemma 4. Let S bea Hermitian spread inH(q), and let L be a line not belonging toS. Then41

every regulus of lines inS every member of which is not opposite L contains the unique spread42

element S ofS concurrent with L.43
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Proof. Let R be a regulus consisting of lines ofS not oppositeL. LetΠ be the set of projections 1

of the members ofR ontoL. Clearly, if |Π | = q + 1, thenthe intersection ofSandL belongs to 2

Π , and soS∈ R. Hence, if S �∈ R, then|Π | < q + 1, and so some pointx on L is the projection 3

of two membersM0, M1 of R. But now M0, M1 and S all are at distance 3 from the pointx. 4

By the distance-3 regularity ofH(q), and the fact that the regulus determined byM0 andM1 is 5

contained inS, we seethat R is precisely thatregulus, and that it containsS. 6

The lemma is proved. � 7

Theorem 5. The full collineation group of the semi-partial geometryΓ2(q) coincides with the 8

full collineation group of the corresponding generalized hexagonH(q), for every q≥ 2. 9

Proof. We prove this assertion by reconstructingH(q) from the given semi-partial geometry 10

Γ2(q). 11

We start by defining a relation‖ on the set of blocks ofΓ2(q). Let B1, B2 be two blocks of 12

Γ2(q). Then wecall B1 andB2 parallel, denotedB1 ‖ B2, if no point of B1 is collinear with any 13

point of B2, or if B1 = B2. 14

Suppose that each spread ofBi contains the lineLi of H(q), i = 1, 2. Then we claim that 15

B1 ‖ B2 if and only if L1 = L2. Indeed, if L1 = L2, then this is a direct consequence of 16

Lemma 2. Suppose nowB1 ‖ B2. If L1 �= L2, then there is a memberS1 of B1 that does 17

not containL2. It follows from the counting argument above (provingΓ2(q) is a semi-partial 18

geometry) thatS1 is collinear to exactly 2q points of the blockB2, and soB1 andB2 cannot be 19

parallel. The claim follows. It is now also clear that‖ is an equivalence relation. 20

The equivalence classes of the relation‖ are now taken as lines of an incidence geometry (the21

hexagonH(q) to be). It remains to define concurrency of lines in accordance withH(q). 22

Let x be a point ofΓ2(q), and lety be any point ofΓ2(q) not collinear withx. Then the set 23

of 1 + q equivalence classes of‖ corresponding with the blocks throughx that haveno points 24

collinear withy corresponds with a line regulus inH(q), more precisely the regulus which is the 25

intersection of the spreads corresponding tox andy. Also, the set of 1+ q3 equivalence classes 26

each with a representative containing some fixed point, corresponds to a Hermitian spread in 27

H(q). Notice that two lines are opposite if and only if they are contained in a common Hermitian 28

spread. 29

It now suffices to formulate concurrency of lines ofH(q) in terms of Hermitian spreads and 30

reguli. Let L1 andL2 be twolines ofH(q). Then we claim thatL1 andL2 are concurrent if and 31

only if the following property is satisfied: 32

(∗) If S is an arbitrary Hermitian spread containingL1, then every regulus consisting only of 33

lines ofS which do not belong to a Hermitian spread that also containsL2, containsL1. 34

If L1 and L2 are concurrent then(∗) is satisfied byLemma 4. Assume now that L1 and L2 35

satisfy property(∗) and letS bean arbitrary Hermitian spread containingL1. ThenL2 intersects 36

one line L̃ of S and is at distance 4 fromq2 lines ofS. Let L ′ be one of theseq2 lines. Then 37

the regulus determined bỹL and L ′ is contained inS and contains only lines not opposite to 38

L2, hence it must containL1 by (∗). Therefore L1 is not oppositeL2. Suppose now thatL1 is at 39

distance 4 fromL2. Let R be the regulus determined byL1 andL̃ and letL3 be a line at distance 40

4 from L2 not in R. Then the regulus determined bỹL andL3 is also contained inS and contains 41

only lines not opposite toL2, hence it must containL1 by (∗). This is a contradiction since a 42

regulus is determined by any two of its members, and so the regulus determined byL̃ andL3 is 43

supposed to intersectR in only one line. This proves thatL1 must intersectL2. 44

The theorem is now proved. � 45
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We now deal with Family 1. Remember that we automatically assumeq > 2, but we have1

repeated it in the theorem below for clarity.2

Theorem 6. The full collineation group of the partial linear spaceΓ1(q) coincides with the full3

collineation group of the corresponding parabolic quadricQ(6, q), for every q> 2.4

Proof. We prove this assertion by reconstructingQ(6, q) from the given partial linear space5

Γ1(q).6

We start by defining a relationĎ on the set of blocks ofΓ1(q). Let B1, B2 be two blocks of7

Γ1(q). Then we call B1 and B2 totally joined, denotedB1 Ď B2, if B1 and B2 are disjoint and8

everypoint of B1 is collinear with every point ofB2. We claim that in this case the conesC19

andC2 corresponding toB1 andB2 share their vertex. CallW1 andW2 the 4-space ofPG(6, q)10

containingC1 and C2, respectively, and letp1 and p2 be the vertex of the coneC1 and C2,11

respectively. Since the blocks are disjoint,W1 and W2 do not generate an elliptic hyperplane12

of PG(6, q). There are twocases; eitherW1 andW2 generate a degenerate 5-spaceW, or they13

generate the whole spacePG(6, q).14

In the first case,W = 〈x⊥〉 and the perp of any point other thanx in W cannot contain a15

degenerate elliptic 4-space, hencex = p1 = p2 as desired.16

In the second case, we have dim(W1 ∩ W2) = 2. Let H1 be an elliptic hyperplane containing17

W1; that is, a point on B1 in Γ1(q). Then dim(H1 ∩ W2) = 3 and H1 meets every elliptic18

hyperplane throughW2 in a degenerate 4-space, by hypothesis.There are threepossibilities for19

the intersection ofH1 andW2. It can either be (a) a nondegenerate 3-space, intersectingC2 in20

a Q−(3, q), (b) a simply degenerate 3-space, intersectingC2 in a cone onp2 overQ(2, q), or21

(c) a doubly degenerate 3-space, intersectingC2 in a line through p2 (by simply and doubly22

degenerate we mean thatthe intersection withQ(6, q) is a cone with0-dimensional and 1-23

dimensional kernel, respectively). In each case, the hyperplanes throughW2 (q of them elliptic24

and one degenerate) partition the set of points ofH1 \ W2. If we consider only the points ofH125

that are on the quadric, this fact gives us the following equalities.26

(a) (q4+q3+q+1)−(q2+1) = 1·((q3+q2+q+1)−(q2+1))+q((1+q+q3)−(q2+1)),27

(b) (q4+q3+q+1)−(q2+q+1) = 1·((q3+q+1)−(q2+q+1))+q((1+q+q3)−(q2+q+1)),28

(c) (q4 + q3 + q + 1) − (q + 1) = 1 · ((q3 + q + 1) − (q + 1)) + q((1 + q + q3) − (q + 1)).29

Now, on the one hand, (a) and (b) are never satisfied (under the assumptionq > 2 for (a)). On30

the other hand, (c) is always satisfied. HenceW2 meetsH1 in adoubly degenerate 3-spaceS. Let31

π = W1 ∩ W2 ⊂ S. If π does not containp2, then take any hyperplaneH ′
1 throughπ containing32

W1 but not containingS. ThenH ′
1 intersectsW2 in a nondegenerate 3-space, and we are in case33

(a), a contradiction. Soπ does containp2. It can either contain the unique line ofC2 in S or34

not. In the first case take again any hyperplaneH ′
1 throughπ containingW1 but not containing35

S. In the second case, there exists a 3-space ofW2 throughπ not tangent toC2 (becauseq ≥ 336

and there are at most two such tangent 3-spaces). Then takeH ′
1 generated by this 3-space and37

W1. In both cases,H ′
1 intersectsW2 in a simply degenerate 3-space and so we are in case (b), a38

contradiction. This proves the claim.39

Now definepoints of an incidence geometryS as being the equivalence classes of the40

transitive closure of the relationĎ. We claim that this construction gives exactly the points of41

Q(6, q).42

Indeed, each block ofΓ1(q) corresponds to an elliptic cone, and hence to a point ofQ(6, q),43

namely the vertex of that cone. If two blocks are in the same equivalence class, then there44

exists a sequence of blocks of which consecutive pairs satisfyĎ. So all the cones share the45
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same vertex, by the claim above. Now suppose two blocksB1 and B2 correspond to cones 1

C1 and C2 that share their vertex, sayx. Then either the corresponding 4-spaces intersect2
in a doubly degenerate 3-space (meeting the quadric in a single line), and soB1 Ď B2, or 3

the corresponding 4-spaces intersect in a simply degenerate 3-space (meeting the quadric in 4

a cone overQ(2, q)). In this last case we now show that there always exists a third block5

B3 corresponding to a cone with vertexx suchthat B1 Ď B3 and B3 Ď B2. Indeed, projecting 6

the tangent hyperplane atx to Q(6, q) from x, the conesC1 andC2 correspond to elliptic 3- 7

dimensional quadricsE1 and E2, respectively, on a 4-dimensional quadricQ(4, q), sharing a 8

plane conicC. Let z be any point ofE1 \ E2, and consider the tangent planeπ1 at z to E1. 9

This plane meets the space generated byE2 in a line L having empty intersection withE2. 10

Therefore there exists a tangent planeπ2 to E2 containingL. The space generated byπ1 and 11

π2 is a 3-space that meetsQ(4, q) in an elliptic quadricE3 (because it contains a pointz such 12

that the tangent plane to the intersection only meetsE3 in z). But the spaces generated byE1 13

andE3, respectively, meet inπ1, and soE1 ∩ E3 = {z}. This means that the blockB3 of Γ1(q) 14

corresponding to the coneC3 over E3 with vertexx is totally joined toB1. Similarly B2 Ď B3. 15

HenceB1 andB2 are in the same equivalence class for the transitive closure ofĎ. The claim is 16

proved. 17

Let l be a line of the quadric and letT be the 4-space tangent at that line. LetD be a 3-space 18

in T containing no singular point outside ofl and letH be an elliptic hyperplane containingD 19

but not T . There areq + 1 4-spaces inH containingD and each of them intersectsQ(6, q) in 20

an elliptic cone. Theseq + 1 elliptic cones all have distinct vertices, otherwise there would be21

a point of l orthogonal to every point ofPG(6, q). Theblocks ofΓ1(q) corresponding to these 22

4-spaces are all concurrent, and they meet in the point corresponding toH . Let H1 andH2 be two 23

points on two of these blocks, that is, they areelliptic hyperplanes containing distinct 4-spaces 24

throughD in H . ThenH1 ∩ H2 containsD, and so this intersection can only meet the quadric 25

in a cone overQ−(3, q), sincethe tangent space at a line toQ(4, q) is a 2-space. Consequently, 26

this pencil ofq + 1 blocks is such that any two points on these blocks are collinear. A set of27

q + 1 concurrent blocks such that any two points on these blocks are collinear will be called a28

full star. 29

We define aline of the incidence geometryS as a set of 1+ q equivalence classes each 30

having a representative contained in a common full star. We just proved that the points on a31

line of Q(6, q) have representatives of the corresponding equivalence classes in a full star. To32

complete the proof, it is enough to show that two intersecting blocks ofΓ1(q) such that any two 33

points on these blocks are collinear represent collinear points ofQ(6, q), because the collinearity 34

graph ofQ(6, q) determinesQ(6, q) completely and unambiguously (lines can be recovered by35

considering the maximal cliques of the graph of common neighbors of two nonadjacent vertices; 36

alternatively, lines arise as the sets({a, b}⊥)⊥, for collinear pointsa, b). 37

Assume we have two such blocksB1 and B2. Since they intersect, the corresponding 38

degenerate 4-spacesW1 andW2 generate an elliptic hyperplane. If the corresponding conesC1 39

andC2 share their vertex, thenW1 andW2 generate a degenerate 5-space. So the vertices of the40

cones are distinct. Assume they are non-collinear. ThenW1 and W2 meet in a nondegenerate 41

3-space intersecting the quadric in aQ−(3, q). Let H1 be an elliptic hyperplane throughW1 not 42

containingW2. Then dim(H1 ∩ C2) = 3 andH1 ∩ W2 = W1 ∩ W2. Moreover H1 meets every 43

elliptic hyperplane throughW2 in a degenerate 4-space, by hypothesis,including the hyperplane 44

containingW1 and W2. As before, the hyperplanes throughC2 (q of them elliptic and one 45

degenerate) partition the set of points ofH1 \ W2. If we consider only the points ofH1 that 46

are on the quadric, this fact gives us the following equality: 47
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(q4 + q3 + q + 1) − (q2 + 1) = 1 · ((q3 + q2 + q + 1) − (q2 + 1))1

+ q((1 + q + q3) − (q2 + 1)),2

which has no solution forq ≥ 3. Hence we proved that the vertices ofC1 andC2 are indeed3

collinear. This completes the proof. �4

We now turn toFamily 4. Remember that we automatically assumeq > 2 (bydefinition). But5

we repeat this restriction for clarity in the theorem below.6

We state thecrucial observation forFamily 4 in a lemma.7

Lemma 7. LetΓ4(q) be a member ofFamily 4, where the blockshave size q(q − 1)/2. Let x be8

any point ofΓ4(q), corresponding to the spreadS of H(q), and let B be any block ofΓ4(q) not9

incident with x, and corresponding to the regulusR of H(q). Denote byα(x, B) thenumber of10

points incident with B and collinear with x. Then we have:11

(i) If q is even, thenα(x, B) ∈ {q(q−3)
2 − 1,

q(q−3)
2 + 1,

q(q−1)
2 − 1}, andα(x, B) = q(q−1)

2 − 112

if and only if |R ∩ S| = 1.13

(ii) If q is odd, thenα(x, B) ∈ {q(q−3)
2 − 1,

q(q−3)
2 ,

q(q−3)
2 + 1,

q(q−1)
2 − 1,

q(q−1)
2 } (where the14

first possibility of course does not occur for q= 3), andα(x, B) = q(q−1)
2 − 1 if and only if15

|R ∩ S| = 1.16

Proof. Sincex is not incident withB, the regulusR is not contained in the spreadS. HenceR17

meetsS in at most one line.18

First suppose thatR andS share a lineM. Let R be anyline ofR\{M}. Thepencil of spreads19

determined byM andS contains a unique spreadS ′ throughR, and hence throughR. No other20

spread ofB can meetS in just M since this would imply by Lemma 2(a) that the spread meets21

S ′ also just in M, a contradiction (they share all ofR). So inthis caseα(x, B) = q(q−1)
2 − 1.22

Now suppose thatR andS are disjoint (a set of lines ofH(q)). Let D andH be the subspaces23

of PG(6, q) generated byR and byS, respectively. ThenD ∩ H ∩ Q(6, q) is an irreducible24

conicC. Clearly, every ideal line ofH(q) — recall it is a line ofQ(6, q) that is not a line ofH(q)25

— contained inD has a unique point in common withC. Let T be the set of 1+ q lines ofS26

incident withsomepoint ofC. LetO be the set of points ofH(q) at distance three from each line27

of R. The setO is a conic onQ(6, q) the nucleus of which coincides with the nucleus ofQ(6, q)28

(if q even),and it contains exactly the points whose tangent space containsD. Finally, let n be29

thenumber of elements ofT not incident with a point ofO. It is also the number of points ofO30

not incident with a line ofS.31

Now let H ′ be any hyperplane ofPG(6, q) containingD. Notice that each member ofS \T is32

contained in exactly one hyperplane throughD. Indeed, every element ofS\T is disjoint fromD,33

and so, together withD, generates an hyperplane. IfH ′ is elliptic, then it contains either 1+q or34

exactly one element ofS, and all these elements are opposite all members ofR. Then, the elliptic35

hyperplanes throughD contain in totalα(x, B)·(1+q)+(
q(q−1)

2 −α(x, B)) = qα(x, B)+ q(q−1)
236

lines ofS. None of these lines belong toT .37

If H ′ is tangent, then the corresponding tangent pointp belongs toO. If p is incident with38

a line of S, then clearly H ′ cannot contain any other line ofS (because it contains only lines at39

distance 1 or 3 fromp). If p is not incident with a line ofS, thelines ofH(q) through p meet40

D in an ideal linel , which intersects the conicC in a unique pointc. Suppose that one of these41

lines throughp intersects an element ofT in a point i distinct from c. Thepoint i is not onC42

and the linepi intersects one of the lines ofR in j . Let k be the point ofl such that the line43
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of R throughk and the line ofT throughi meet in a point ofC. Sincethere are no triangles in 1

H(q), thepoints j andk are distinct. We see that there is a path of length 6 betweenj andk in 2

H(q). But, j andk being on an ideal line, we havej ⊥ k in Q(6, q) and so must they must be at 3

distance 4 inH(q), acontradiction. Hence, except the line throughc, everyline of H(q) through 4

p meets a unique element ofS \ T . Since every line at distance≤ 3 from p is in p⊥, the tangent 5

hyperplanes throughD contain in totalnq lines ofS \ T . 6

If H ′ is hyperbolic, then it contains exactly the lines of a subhexagon of order(1, q). This 7

subhexagon contains two pointsp, p′ of O, and also all lines through the points inp⊥ ∩ D and 8

p′⊥ ∩ D. These two sets areideal lines and thus contain two points ofC (one each). HenceH ′
9

contains exactly two lines ofT , and so the regulus defined by these two lines. Of course, there10

can be no more lines ofS in H ′ as any regulus ofS and every additional line ofS generateH . 11

So H ′ contains exactlyq − 1 lines ofS \ T , and in total, all hyperbolic hyperplanes throughD 12

contain(q − 1)
q(q+1)

2 lines ofS \ T . 13

If we add the foregoing numbers, then we obtain the identity 14

qα(x, B) + q(q − 1)

2
+ nq + (q − 1)

q(q + 1)

2
= q3 − q, 15

hence 16

α(X, B) = q(q − 1)

2
− n. 17

Now we determinen. Remark first that, ifx ∈ O belongs toH , then the element ofS through 18

x meets a line ofR, and hence belongs toT . But now H meetsO in 0, 1, 2 or 1+ q points (for 19

q odd), or in 0 or 2 points (forq even; indeed, in this caseH does not contain the nucleus of 20

Q(6, q), hence no tangent line toO is contained inH ). So we haven ∈ {0, q − 1, q, 1+ q} for q 21

odd, andn ∈ {q − 1, 1 + q} for q even. Since in either case, this impliesα(x, B) �= q(q−1)
2 − 1, 22

the lemma is proved. � 23

Theorem 8. The full collineation group of the partial linear spaceΓ4(q) coincides with the full 24

collineation group of the corresponding generalized hexagonH(q), for every q> 2. 25

Proof. We define a second geometryΓ ′
4(q) as follows. The point set ofΓ ′

4(q) is the point set 26

of Γ4(q). Theblocks are defined as follows. Consider a pointx of Γ4(q). For each pointx′ not 27

collinear withx, we definethe blockBx,x′ as the set of pointsx′′ of Γ4(q) not collinear withx 28

and such that, for every blockB of Γ4(q) incident withx satisfyingα(x′, B) = q(q−1)
2 − 1, we 29

haveα(x′′, B) = q(q−1)
2 − 1; also the pointx itself belongs toBx,x′ by definition. Notice that 30

x′ ∈ Bx,x′. 31

We intend to show thatΓ ′
4(q) is isomorphic toΓ2(q). 32

We interpret Bx,x′ in H(q). LetS andS ′ be the spreads corresponding tox andx′, respectively. 33

ThenS andS ′ meet in a single line M of H(q). Let B be a block ofΓ4(q) incident with x 34

and such thatα(x′, B) = q(q−1)
2 − 1. By the foregoing lemma, we know that the regulusR 35

corresponding toB containsM (andlies in S). Conversely, every regulus inH(q) containing 36

M and being itself contained inS defines a blockB of Γ4(q) with α(x′, B) = q(q−1)
2 − 1. So, 37

the spread corresponding to an elementx′′ of Bx,x′ \ {x, x′} must, by the foregoing lemma, meet 38

every regulus ofS containingM in a single line. This is only possible if that single line coincides 39

each time withM. Conversely, if the spread corresponding to a pointy intersectsS in exactly 40

M, then it satisfies the condition, and soy ∈ Bx,x′. We now see thatBx,x′ is nothing else than 41

a pencil of spreads. It follows easily thatΓ ′
4(q) is isomorphic to Γ2(q). So the automorphism 42
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group ofΓ4(q) is contained in the automorphism group ofΓ2(q), which is isomorphic to the1

automorphism group ofH(q) by Theorem 5. On theother hand, the automorphism group of2

Γ4(q) obviously contains the automorphism group ofH(q), hence the conclusion. �3

We now turn toFamily 3. Here,q > 4 by definition.4

We firststate thecrucial observation forFamily 3 in a lemma. We treat the caseq even. The5

caseq odd is similar. Afterwards, we prove two additional lemmas.6

Lemma 9. Let Γ3(q) be a member ofFamily 3, where the blockshave size q/2. Let x be7

any point of Γ3(q), corresponding to the elliptic hyperplane H ofPG(6, q), and let B be8

any block ofΓ3(q) not incident with x, and corresponding to the nondegenerate4-space D9

of PG(6, q). Denote byα(x, B) the number of points incident with B and collinear with x.10

Then α(x, B) ∈ {q/2, q/2 − 1, q/2 − 2}, and if the 3-space H∩ D is degenerate, then11

α(x, B) = q/2 − 1.12

Proof. First suppose thatD ∩ H is degenerate, i.e.,E := D ∩ H meetsQ(6, q) in a coneK over13

a conic (E cannot be doubly degenerate — recall that doubly degenerate means that the cone has14

a line as vertex — sinceD ∩ Q(6, q) does not contain planes). Then there is a unique (elliptic15

degenerate) 4-spaceD′ ⊆ H tangent toH ∩ Q(6, q) with E ⊆ D′. All other 4-spaces inH16

containingE are nondegenerate. The hyperplane spanned byD andD′ is elliptic, as it contains17

the elliptic degenerate spaceD′. As all other hyperplanes throughD meetH in anondegenerate18

space, we see thatα(x, B) = q/2 − 1.19

Now suppose thatD ∩ H is nondegenerate hyperbolic. As a hyperbolic quadric in projective20

3-space cannot be contained in any degenerate elliptic quadric in projective 4-space, we see that21

α(x, B) = q/2.22

Finally suppose thatD ∩ H is nondegenerate elliptic. Then, by a counting argument,H23

contains exactly two 4-spacesD1 andD2 that intersect the quadricQ(6, q) in elliptic cones with24

base inD ∩ H , and with vertex p1, p2, respectively, in H . Every elliptic hyperplane throughD25

thatdoes not containp1 nor p2 corresponds to a point collinear withx in Γ3(q). If the hyperplane26

generated byD and p1 (or similarly p2) is elliptic, then the corresponding point is not collinear27

to x in Γ3(q). Remark that the tangent hyperplanes toQ(6, q) at p1 and p2 cannot both contain28

D, otherwisethe lineD⊥ is contained inH (which is not the case since the nucleus toQ(6, q)29

is not in D nor H ). If one of the tangent hyperplanes toQ(6, q) at p1 or p2 containsD, then we30

haveα(x, B) = q/2 − 1; otherwiseα(x, B) = q/2 − 2. �31

We now prove a lemma about dual conics in a plane of even order. Note that thedual nucleus32

of a dual conic is the line consisting of all points that are incident with precisely one line of the33

dual conic. We will also call a point that is incident with exactly two lines of the dual conic a34

secant point. Notice that all points on a line of the dual conic are either secant or are on the dual35

nucleus line.36

Lemma 10. LetO be a dual conic inPG(2, q), with q even and q≥ 8. Let p1 be a secant point,37

incident with the two lines L, L ′ of O, and let p2 �= p1 be another secant point on L. Then for38

at leastmax{4, q − 6} points x on L distinct from p1 and distinct from the intersection of L with39

the nucleus line N ofO, there exists apoint x′ on L′, with x′ p2 �∈ O and x′ not on N, such that40

the line xx′ contains a secant point y with yp1 ∩ x′ p2 again a secant point.41

Proof. Let O have equationA0A2 = A2
1, where [A0, A1, A2] are coordinates of lines in42

PG(2, q). Thepoint p1 can be chosen to have coordinates(0, 1, 0), while we can take for the43
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point p2 the coordinates(0, 1, 1), without loss of generality (indeed, the collineation group fixing 1

O, L andp1 acts transitively on the secant points ofL distinct from p1 as a cyclic group of order 2

q − 1). ThenL has coordinates[1, 0, 0]. Chooseb ∈ GF(q) \ {0, 1} arbitrarily, but such that 3

b3 �= 1 andb3 �= b+1. We remark that, ifq > 8, then at leastq−7 suchnumbersb exist; if q = 8, 4

thenx3 = 1 has aunique solution, butx3 = x + 1 has precisely 3 solutions, hence in this case 5

exactly 3 suchb can be found. Letx′ be the point(b, 1, 0). Thenx′ p2 has coordinates[1, b, b] 6

and is not a line of the dual conic. The pointz = (b2+b3, 1+b+b2, 1) is incident withx′ p2 and 7

is a secant point. Indeed, it is incident with the two lines[1, b + 1, b2 + 1] and[1, b2, b4] of O 8

(and these do not coincide sinceb3 �= 1, henceb2+b+1 �= 0). Now p1z, whichhas coordinates 9

[1, 0, b2+b3], contains the secant pointy = (b2 +b4, 1+b+b3, 1+b). This is indeed a secant 10

point as it is incidentwith the conic lines[1, 1+ b2, 1 + b4] and[b2 + 1, b3 + b2, b4]; these are 11

different becauseb3 �= b+1. Nowx′y has equation[b+1, b+b2, b] and meets the lineL in the 12

point x = (0, 1, b + 1), asone can easily verify. Varyingb, andnoting that alsox = p2 almost 13

trivially satisfies the conditions, the lemma follows.� 14

The pointx in the previous lemma will be said tobe planarly spanned by p2 with respect to 15

p1. 16

This lemma now implies another version of itself. 17

Lemma 11. LetO be a dual conic inPG(2, q), with q even and q≥ 8. Let p1 be a secant point, 18

incident with the two lines L, L ′ of O, and let p2 �= p1 be another secant point on L. Then for 19

every point x on L distinct from p1 and distinct from the intersection of L with the nucleus line 20

N of O holds that either it is planarly spanned by p2 with respect to p1, or there exists apoint 21

z on L distinct from p1 and distinct from the intersection of L with N which is planarly spanned22

by p2 with respect to p1, such that x is planarly spanned by z with respect to p1. 23

Proof. Clearly “x being planarly spanned byy” with respect top1 is symmetric. Now letx be 24

arbitrary onL but distinct from p1 and distinct from the intersection ofL with N. Theprevious 25

lemma implies readily that there is a pointy on L which is planarly spanned by bothp2 andx, 26

with respect top1. The lemma now follows. � 27

We can now prove our last main theorem. In the proof, we use the following notation. Letp 28

be any point andB any block ofΓ3(q) not incident withp. Then wecall theplane spanof p 29

andB the linear span inΓ3(q) of the anti-flag {p, B}, and wedenote it by PlSp(p, B). We have 30

chosen to avoid the notation〈p, B〉 in order not to confuse with the span of the duals of these31

elements as subsets of theunderlying projective space. 32

Theorem 12. The full collineation group of the partial linear spaceΓ3(q) coincides with the full 33

collineation group of the corresponding parabolic quadricQ(6, q), for every q> 4. 34

Proof. Our method of proof is to reconstruct fromΓ3(q) the geometryΓ1(q), and thenappeal to 35

Theorem 6. 36

We remark that, if we apply a dualityd in the projective spacePG(6, q), then the points of 37

Γ3(q) are points of that space, and blocks are formed by subsets of lines in that space (forq odd, 38

onecan take as duality the polarity associated withQ(6, q) and then we see thatΓ3(q) is nothing 39

else than the geometry of elliptic points and nonisotropic lines with respect toQ(6, q)). Wewill 40

denote bypd the image under the duality of the elliptic hyperplane ofPG(6, q) corresponding 41

to thepoint p of Γ3(q), andby Bd the image of the nondegenerate 4-space giving the blockB 42

of Γ3(q). 43
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Let p1, p2 be two points that are not collinear inΓ3(q), then the set of pointsp of Γ3(q)1

suchthat pd lie on the line(p1p2)
d of the dual projective space forms precisely a blockB̃ of the2

corresponding geometryΓ1(q) of Family 1.3

We first treat the caseq even. We select an arbitrary blockB containingp2 and such that4

α(p1, B) = q/2 − 2 (with notation as inLemma 9). It is straightforward to verify that such5

blocks exist in abundance. In the dual projective space,pd
1 is a point, andBd is a line. Letπ6

be the projective plane containingpd
1 and Bd in the dual projective space. Of course,B̃d is7

contained entirely inπ . Now, π is the image underd of a nondegenerate elliptic 3-dimensional8

projective subspaceΠ of PG(6, q) (with respect toQ(6, q)); this follows fromLemma 9. The9

points ofΓ3(q) whose image underd is in π can be identified with the elliptic hyperplanes of10

PG(6, q) throughΠ , and the blocks ofΓ3(q) whose image underd is in π can be identified with11

the nondegenerate 4-spaces ofPG(6, q) not containing the nucleus ofQ(6, q) but containingΠ .12

The tangent 4-spaces throughΠ form a conic in the residue ofΠ in PG(6, q). Within13

this residue, the elliptic hyperplanes correspond to the lines that intersect the conic in two14

points (because they contain two tangent 4-spaces), the hyperbolic hyperplanes to the lines not15

intersecting the conic and tangent hyperplanes to tangent lines.16

Therefore we see that there is a dual nondegenerate conicC in π , such that the points ofπ17

which are an image underd of a point ofΓ3(q) are exactly the points lying on exactly two lines18

of C (that is the secant points), and the lines ofπ which are an image underd of a block ofΓ3(q)19

are all the lines ofπ different from those inC, anddistinct from the dual nucleus lineN of C.20

The image underd of the plane span PlSp(p1, B) is obviously contained inπ , the images21

of the points correspondingto some secant points toC insideπ and the images of the blocks22

corresponding to some lines not inC, anddistinct from the dual nucleus lineN of C. Now notice23

that every point whose image underd is on(p1p2)
d, is distinct from pd

2 and is planarly spanned24

by pd
2 with respect topd

1 with a chosenx′d (with x′ not collinear with p1 but collinear with p225

in Γ3(q)) can be geometrically recognized: consider the points ofΓ3(q) on the block x′ p2, they26

are all collinear withp1 (unless it isp2 itself); for each such pointz consider the blocks through27

x′ that intersect the blockp1z nontrivially; all these blocks contain either no point different from28

x′ and not collinear inΓ3(q) with p1 (corresponds to the case where the image underd of the29

block meets the dual conic line(p1p2)
d in apoint on the dual nucleus) or exactly one such point30

(because there are two dual conic lines throughp1 and all their points are secant points, except31

for the points on the dual nucleus); the points in this last case are the points we are looking for.32

Add p2, andyou get the set of points that are planarly generated byp2 with respect top1 and33

usingx′ as inLemma 10.34

Wecan now denote the unique point onB different fromp2 and not collinear withp1 in Γ3(q)35

by x′, and wecan look at the set of points that are planarly generated byp2 with respect top136

and usingx′. Varying the block B throughp2 suchthatα(p1, B) = q/2−2, we thus obtain a set37

P∗ of points. Playing the same game with every point ofP∗ in the role ofp2, Lemma 11implies38

that the union of sets thus obtained is preciselyB̃ \ {p1}. We have reconstructed in a geometric39

way theblocks ofΓ1(q) and the theorem follows.40

Now letq be odd. Here the dualityd can easily be visualized as the polarity corresponding to41

thequadric, that is the quadric is the set of absolute points of the polarity. Ifp is apoint ofΓ3(q),42

then pd is an elliptic point ofPG(6, q). If B is a block ofΓ3(q), thenBd is a line ofPG(6, q)43

intersecting the quadric in 0 points (in which case|B| = (q + 1)/2) or in 2 points (in which case44

|B| = (q − 1)/2). Sincep1 and p2 are non-collinear inΓ3(q), thepoints pd
1 and pd

2 must be on45

a tangent line to the quadric. Our goal is to recover this tangent line from the points and blocks46

of Γ3(q).47
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We select a blockB of size(q +1)/2 throughp2 suchthat p1 is collinear to all but one points 1

of this line. Then it is easily seen thatBd andpd
1 span inPG(6, q) a planeπ meeting the quadric 2

in a singlepoint, sayc. We claim that the image of the plane span PlSp(p1, B) underd contains 3

all elliptic points in π , and thus the maximal coclique containingp1 and p2 in PlSp(p1, B) 4

corresponds exactly to the tangent line we are looking for. Hence we will have reconstructed in 5

a geometric way theblocks ofΓ1(q) and the theorem follows. 6

We now provethe claim. 7

In this paragraph all points considered are points ofΓ3(q) whose image underd is in π . 8

We will say that the point x spans the point y (not on B) if y ∈ PlSp(x, B). In that case 9

PlSp(y, B) ⊆ PlSp(x, B). Let y′ be a point on a common block withy and a point ofB, 10

suchthat y′d is on the tangent linecxd. By construction, PlSp(y, B) = PlSp(y′, B). Taking 11

in π an homology with axisBd and centerc mappingxd to y′d, we see that PlSp(x, B) and 12

PlSp(y′, B) = PlSp(y, B) contain the same number of points, and so PlSp(y, B) = PlSp(x, B). 13

Hence there exist pointsx1, x2, . . . , xn such that the sets PlSp(xi , B)d (i = 1, . . . , n) partition 14

the set of elliptic points ofπ not onBd. Without loss of generality, we can assume that thexi ’s 15

are such thatxd
i is on the tangent linecpd

1. 16

Let T bean elliptic tangent line ofπ , that is a line throughc in π containing only elliptic points 17

except forc. By projectingBd from the differentxd
i ’s, we see thatT contains at least(q − 1)/2 18

points from each PlSp(xi , B)d. Suppose there exists anxi for whichT contains exactly(q−1)/2 19

points of PlSp(xi , B)d. By projecting one elliptic tangent onto another from any elliptic point in 20

PlSp(xi , B)d, we see that the number of points of PlSp(xi , B)d onany of the elliptic tangent lines 21

is (q − 1)/2. We build a point-line geometry with point set the elliptic points of PlSp(xi , B)d
22

andc, and aslines the images of the blocks in PlSp(xi , B) and the intersections of PlSp(xi , B)d
23

with the elliptic tangent lines, each adjoined withc. Then we obtain a geometry where each line 24

has(q + 1)/2 points, each pair of points is on a line, and each point is on(q + 1)/2 lines. Hence 25

this is a projective plane of order(q − 1)/2, a subplane ofπ . Since a subplane of a Desarguesian 26

plane must be Desarguesian of the same characteristic,(q − 1)/2 must be apower of the same 27

prime thatq is a power of, acontradiction. ThereforeT contains at least(q + 1)/2 points from 28

each PlSp(xi , B)d. But sinceT contains exactlyq elliptic points, there cannot be two distinct 29

spans, and so PlSp(p1, B)d contains all elliptic points inπ . 30

This completes the proof of the theorem.� 31
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