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Abstract

We prove a rank 3 criterion for the simple connectedness of certain subsets of
buildings and we give two applications of this criterion. The first generalizes a
result of Tits for Chevalley groups to 3-spherical Kac-Moody groups. The second
is the proof of the simple connectedness of certain flipflop geometries introduced in
[BGHS].
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1 Introduction

Chamber systems have been introduced by J. Tits in [Ti81] in order to study buildings
from a ‘local’ point of view. He showed that buildings are precisely the simply connected
chamber systems of Coxeter type which satisfy an additional rank 3 criterion. It turned out
that chamber systems and their connectivity properties are useful in studying amalgam
presentations of groups (see [Ti86]). The principal observation is the so called Tits lemma.
It says that a group acting transitively on the set of chambers of a simply connected
chamber system is the amalgam of the stabilizers of certain of its residues.

Using this observation there is a new interpretation of certain amalgam presentations
of finite Chevalley groups which had been considered by K.-W.Phan in [Ph77]. These
amalgam presentations are of some interest in the classification of the finite simple groups.
This fact provided the motivation for the authors of [BGHS] to revise and improve Phan’s
results. In [BGHS], they describe the general ideas of their ‘Phan-program’. They intro-
duce flips of spherical buildings and twin buildings. Using the Tits lemma they observe
that Phan’s results are actually equivalent to the simple connectedness of certain flipflop
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geometries. Up to now they proved in a series of papers the simple connectedness of the
relevant flipflop geometries for the groups of type A,, B,,C, and D,. This is done by
studying the corresponding building via the natural modules. It is however not clear to
which extent these methods are suitable to handle the exceptional types as well.

The main result of the present paper is motivated by this problem. We provide a rank
3 criterion for the simple connectedness of the flipflop geometry associated with a flip of
a twin-building. This is our Theorem 6.6. This criterion reduces the problem of handling
the exceptional Chevalley groups to a careful investigation of flips of Chevalley groups
of rank at most 3. A considerable part of this analysis has already been carried out in
the papers mentioned above. A detailed and complete analysis of these rank 3 conditions
will be given in [GHMS] where Phan’s results will be revised and improved for Chevalley
groups and generalized to Kac-Moody groups.

The principal idea of the present paper is to introduce filtrations of chamber systems
in order to prove the simple connectedness of some of their subsystems. This technique is
well known for simplicial complexes and has been used by P. Abramenko in order to study
groups acting on twin buildings in [Ab95]. In Section 3 we give a general rank 3 criterion
for the simple connectedness of the chamber system induced on a subset of chambers
of a simply connected chamber system using filtrations. This is our Theorem 3.14. As
indicated above, the main motivation for proving this rank 3 criterion is provided by the
revision of Phan’s theorem. We will apply our criterion to one half of a twin building
associated to a Kac-Moody group in order to obtain a rank 3 criterion for the simple
connectedness for the flipflop geometries, which is our Theorem 6.6 already mentioned.
Unfortunately, the details of the application of this criterion in order to obtain Phan’s
original results are too technical to be given here. They depend heavily on the the local
analysis which will be carried out in [GHMS].

Nevertheless, there is another application of our general criterion to the chamber
system far away from a chamber in a twin building. It is the following theorem which is a
reformulation of Theorem 5.2 below. We refer to Section 4 and 5 for the definitions and
notation.

Theorem 1.1.: Let B be a 3-spherical twin building and let ¢ be a chamber of B. Then the
chamber system induced on c°P is simply 2-connected if this is true for all rank 3 residues
containing ¢ and if for each rank 2 residue R containing c the set of chambers opposite to
c in R is connected.

The theorem above is a generalisation of a result of Tits in the spherical case ([Ti86],
Proposition 7). However, our methods of proving it are different from those used in loc.
cit.. The proof of [Ti86] relies heavily on the finiteness of the root system and it is not
clear how to make its arguments work without the finiteness assumption. Thus, our paper
provides a different approach in the spherical case and a new result in the Kac-Moody
situtation. Using results of [Ti86] and [Ab95] one obtains the following as a consequence
of the theorem above.

Corollary 1.2.: Let G be a 3-spherical Kac-Moody group over a field F' having at least
16 elements. Let By, B_ be opposite Borel subgroups and for e € {+,—} let Pt be the



minimal parabolic subgroups containing B.. Then B, is the 2-amalgam of the groups
(B4 N P )ses. In particular, By is finitely presented if F' is finite.

S

We remark that the finite presentability of B has been announced in [Ab02].

2 Chamber Systems

Let I be a set. A chamber system over I is a pair C = (C, (~;)ic;) where C is a set
whose elements are called chambers and where ~; is an equivalence relation on the set of
chambers for each ¢ € I, such that if ¢ ~; d and ¢ ~; d then either i = j or ¢ = d. Given
1 €1 and ¢,d € C, then c is called i-adjacent to d if ¢ ~; d. The chambers ¢, d are called
adjacent if they are i-adjacent for some i € 1.

For the rest of this subsection let C = (C, (~;);cr) be a chamber system over 1. A
gallery in C is a finite sequence (co,c1,...,c;) such that ¢, € C for all 0 < p < k and
such that ¢, ; is adjacent to ¢, for all 1 < u < k. The number k is called the length of
the gallery. Given a gallery G = (co, ¢y, ..., ), then we put o(G) = ¢y and w(G) = .
If G is a gallery and if ¢,d € C such that ¢ = a(G),d = w(G), then we say that G is a
gallery from ¢ to d or G joins ¢ and d. The chamber system C is said to be connected if
for any two chambers there exists a gallery joining them. A gallery G will be called closed
if o(G) = w(G). A gallery G = (co, 1, -- -, cx) Will be called simple if c,_1 # ¢, for all
1<u<k.

Given a gallery G = (cg, c1, ..., c) then G denotes the gallery (cx, cx_1,-..,¢o) and
it H = (cj,c,...,c) is a gallery such that w(G) = a(H), then GH denotes the gallery
(cosC1yenvyCl =Chy . n, ).

Let J be a subset of I. A J-gallery is a gallery G = (cg, ¢1, - - -, ¢) such that for each
1 < p < k there exists an index j € J with ¢,—1 ~; ¢,. Given two chambers c,d, then
we say that c is J-equivalent to d if there exists a J-gallery joining ¢ and d and we write
¢ ~y d in this case. Note that c,d are i-adjacent if and only if they are {i}-equivalent.
Given a chamber ¢ and a subset J of I then the set R;(c) := {d € C | ¢ ~; d} is called
the J-residue of c¢. The pair Ry := (R;(c), (~})jes) is a connected chamber system over
J which is also called the J-residue of ¢. If J = {i}, then R;(c) is called the i-panel of ¢
(or the i-panel containing c¢); a panel is an i-panel for some i € I.

Homotopy of Galleries and Simple Connectedness

Throughout this subsection let m > 1 be a natural number and let (C,(~;);cr) be a
chamber system over a set I.

Given two galleries G, H then G = (cg,...,¢) and H = (¢, ..., ¢}s) are said to be
elementary m-homotopic if there exist 0 < pu < v < k,0 < i/ < v < k' such that the
following holds:

(H1) p=p' and ¢, = ¢ for all 0 <7 < p.

(H2) k—l/:k’—y’andck_nzcjc,fnforallOgngk—l/.



(H3) The galleries (cy, --.,¢), (c
cardinality at most m.

s -+ -5 Cy) are J-galleries for some subset J of I having

Two galleries G, H are said to be m-homotopic if there exists a finite sequence Gy, Gy, . . .

of galleries such that Gy = G,G; = H and such that G, is elementary m-homotopic to
Gy forall 1 < p <l

If two galleries G, H are m-homotopic, then it follows by the definition that «(G) =
a(H) and w(G) = w(H). A closed gallery G is said to be null-m-homotopic if it is m-
homotopic to the gallery (a(G)). The chamber system C is called simply m-connected if
it is connected and if each closed gallery is null-m-homotopic.

We close this section by stating some elementary observations concerning homotopies.

1. Given a gallery G, then GG! is null-m-homotopic.

2. Two galleries H,G are m-homotopic if and only if the gallery GH™~! is null-m-
homotopic.

3 A rank 3-criterion for simple 2-connectedness

Throughout this section let I be a set and let C = (C, (~;)icr) be a chamber system over
1.
A filtration of C is a family F = (C,,)nen of subsets of C' such that the following holds.

(F1) C, C Cyyq for all m € N,

(F2) U,enCn =0C,

(F3) for each n > 0 if C,,_; # @ then there exists an index ¢ € I such that for each
chamber ¢ € C,, there exists a chamber ¢ € C,_; which is i-adjacent to c.

Lemma 3.1.: Let F be a filtration. For each n € Ny such that C,_, # O, there exist
i € I and a mapping 7 : C,, — C,,_1 such that for any chamber ¢ € C,, we have 7(c) ~; ¢
and .,  =idg, ;.

Proof: If c € C,_1, then put 7(c) = c. If ¢ ¢ C,,_1, then by (F3) there exists an index
1 € I such that there exists a chamber ¢ € C,,_; which is i-adjacent to c. We then put
m(c) =¢. O

A filtration F = (Cy,)nen is called residual if for each () # J C I and each ¢ € C the
family (C,, N R;(c))nen is a filtration of the chamber system R ;(c) := (R;(c), (~;)jes)-

For each z € C we put |z| := min{\A € N | z € C,}. For a subset X of C' we put
|X| := min{|z| | x € X} and aff(X) := {z € X | |z| = |X|}. Note that Cy = aff(C)
because we assume that Cy # ().

Proposition 3.2.: Let x € C. Then there exist a chamber y € aff(C) and a gallery
(x =g, ...,z =y) such that |z,| < |zr_1| for all1 < X < k.



Proof: We will prove this by induction on |z|. If |z| = 0, then take y = z and the gallery
(x). Suppose the proposition is satisfied as long as |z| < n and assume |z| = n. By (F3),
there exists an index 7 € I such that there exists a chamber 2’ € C,,_; which is i-adjacent to

x. Since |z'| < n, there exist a chamber y € aff(C') and a gallery (2’ = zy, ..., 2y = y) such
that |z,| < |za—1| for all 1 < XA < k. Now the chamber y and gallery (z,zq,...,z; = y)
satisfy the required property since |zo| < |z|. O

The following corollary is immediate.

Corollary 3.3.: If Cy = aff(C) is a connected subset of C, then C,, is a connected subset
of C for all n € N.

Proof: Take z1,25 € C),. By the preceding proposition there exist chambers y;,ys €
aff(C) and galleries G from 1 to y; and G from x5 to y, entirely contained in C,. Since
aff(C) is connected, there exists a gallery G in aff(C) joining y; to yo. Now G1GG5 ' is a
gallery from x; to x5 entirely contained in C),, hence the conclusion. (|

In the remainder of this section F = (C,)nen is supposed to be a residual filtration of
the chamber system C having the property that Cy # 0.

Then the first statement of the following corollary is a consequence of the proposition
above whereas the second is a consequence of the first.

Corollary 3.4.: Let J C I, let c € C and let R := R;(c). For each x € R there exist
y € aff(R) and a J-gallery (v = o, . ..,xx =y) such that |z)| < |zr_1| for all1 < A < k.
If any two chambers in aff(R) can be connected by a J-gallery contained in aff(R), then
any two chambers in C, N R can be connected by a J-gallery in C, N R.

Definition 3.5.: We say that the filtration F satisfies Condition (co) if the chamber
system (Cy, (~;)ier) is connected.

We say that F satisfies Condition (lco) if for all ¢ € C and all J C I of cardinality at
most 2, any two chambers in aff(R;(c)) can be joined by a J-gallery in aff(R;(c)). In other
words: aff(R;(c)) is a connected subset of the chamber system R ;(c) = (R;(c), (~;)jes)-

Definition 3.6.: Let us denote by G,;(C,) (j € N) the set of all galleries of length j
contained in C,,, and by G(C,,) the set of all galleries contained in C,,.

Lemma 3.7.: Suppose the filtration F satisfies Condition (lco). For each n € Ny such

that C,_y # O, there exist © € I, a mapping m as in Lemma 3.1 and a mapping € :
G1(C) — G(C,—1) such that:

(El) €|g1(Cn—1) = idg1(Cn—1)'
(E2) a(e(z,y)) = m(z) and w(e(z,y)) = n(y) for all (z,y) € G1(Ch).

(E3) If (x,y) € G1(Cy), then the chambers of €(x,y), x and y are contained in a common
residue of rank at most 2.



Proof: Lemma 3.1 gives us i and m. Let (z,y) be a gallery of length 1 in C,, that
isx ~; yfor j € I. If x and y are in C,_q, then 7(z) = z, 7(y) = y and we put
€(z,y) = (z,y), hence (E1) is satisfied. Otherwise let R be the residue of type {i,;j}
containing z. Of course R also contains, y, 7(z) and 7(y). Since (lco) holds, aff(R) is
a connected subset of the chamber system (R, (~)ke(i,j}), and so, by Corollary 3.4, any
two chambers in C,,_; N R can be connected by a {i,j}-gallery in C,_;. Let €(x,y) be an
{1, j}-gallery in C,_; from 7(z) to 7(y). (E2) is trivially satisfied. And since €(z,y) is
contained in R, (E3) is also satisfied. O

Convention: For the rest of this section we suppose that the filtration F satisfies Con-
dition (lco) and we fix a mapping € : G;(C,) — G(C,_1) as in the lemma above. Fur-
thermore we define the mapping

II:G6(C,) — G(Chor) : G = (0, ...,2%) — II(G) = (e(xo, 21), €(x1, x2), . . ., €(Th—1, Tk))-

Proposition 3.8.: Let z,y € Cy, and let G = (z = xy,..., T, = y) be a gallery from x
to y which is contained in C,, for some n > 0. Then there exists a gallery G' from x to y
which s 2-homotopic to G and which is contained in C,_;.

Proof: We will show that G is 2-homotopic to the gallery II(G) which is a gallery from
7(x) = z to m(y) = y contained in C,,_;.

It is obvious that G is 1-homotopic to the gallery

G = (m(x0), 2o, 21, T(T1), L1 - - o, Ty, T(Ts), T, - . . Tpoy (X))
The gallery G is elementary 2-homotopic to (e(zo, 1), &1, T2, 7(22), T2, - - - , T, T(2x)), which
itself is elementary 2-homotopic to (e(xo, 1), €(x1, 2), T2, T3, 7(T3), X3, - - ., Tk, T(xk)), and

so on. One can now easily see that G (and so G) is 2-homotopic to II(G).
(|

We have the following two corollaries of the previous proposition.

Corollary 3.9.: If C is connected, then C,, is connected for all n € N.

Proof: Let z,y € Cy. Since C is connected, there exists a gallery G from z to y in C; this
gallery is contained in C), for some n > 0. Apply Proposition 3.8 n times to get a gallery
from z to y 2-homotopic to G and contained in Cy. This proves that Cj is connected.
Now it follows by Corollary 3.3 that C), is connected for all n € N. 0

Corollary 3.10.: Suppose that the chamber system (Cy, (~;)icr) s simply 2-connected.
Then the chamber system (Cy, (~;)icr) is simply 2-connected for all n € N.

Proof: Let G be a closed gallery in C,, with a(G) = w(G) = z € Cy. Using Proposition
3.8 several times, we get that G is 2-homotopic to a gallery G in Cy. Since (Cy, (~;)ier)
is simply 2-connected, G’ is null-2-homotopic. Therefore G is null-2-homotopic.

Since (Cy, (~;)ier) is simply 2-connected, it is connected, and so is C,, by Corollary 3.3.
By classical topological arguments, any closed gallery in C,, is null-2-homotopic. Hence
the conclusion. O



Definition 3.11.: We say that the filtration F satisfies Condition (sco) if the chamber
system (Co, (~;):er) is simply 2-connected.

We say that the filtration F satisfies Condition (/sco) if for each ¢ € C and each J C I
of cardinality 3 the chamber system (aff(R,(c), (~;);jes) is simply 2-connected.

We recall that we assume that the filtration F satisfies (lco).

Lemma 3.12.: Suppose that the filtration F satisfies (Isco). Given two galleries G, G’
contained in C, which are elementary 3-homotopic, then there exists a 2-homotopy (G =
Gy, . ..,Gr = G') such that the gallery G is contained in C,, for 0 < A < k.

Proof: Apply the previous corollary to the rank 3 residue in which the elementary
3-homotopy takes place. O

Lemma 3.13.: Let n > 0, let G,G" be galleries in Cy and let (G = Gy,...,Gr =G') be a
2-homotopy such that all galleries G are contained in C,. Then there exists a 3-homotopy
(G =GY,...,G, = G") such that all galleries GY, are contained in C,_;.

Proof: Consider two successive galleries G5 and G4, in the 2-homotopy. Let R be the
residue of type J with |J| < 2 in which the elementary 2-homotopy takes place. The
galleries G", := II(G,) and G',,, := II(G11) are contained in C,_;. It is easy to see that
the change between these two galleries happens in the residue of type J U {i} containing
R, where 7 is as in Lemma 3.7. Hence they are elementary 3-homotopic. O

Theorem 3.14.: Suppose that the filtration F satisfies (Isco). If C is simply 2-connected,
then (Cp, (~4)ier) is simply 2-connected for all n € N.

Proof: By Corollary 3.10, we only have to prove that (Cy, (~;)cr) is simply 2-connected.
Let G be a closed gallery in Cy with o(G) = w(G) = z and let G’ = (z). Since C is simply
2-connected, there exists a 2-homotopy H = (G = Gy, G1,...,Gx = G') in C. H is in
C, for some integer n. By Lemma 3.13 there exists a 3-homotopy in C,_; between G
and G’ if n > 0. Using Lemma 3.12, each elementary 3-homotopy can be replaced by a
2-homotopy still in C,_; and so there exists a 2-homotopy in C,_; from G to G'. Using
this argument n times in a row, we get a 2-homotopy in Cy from G to G'. Hence G is
null-2-homotopic in Cy. This concludes the proof. 0

4 Buildings

Coxeter systems

Let G be a group. The order of an element g € G is denoted by o(g).

A Cozxeter system is a pair (W, S) consisting of a group W and a set S C W such
that (S) = W, s> = 1y # s for all s € S and such that the set S and the relations
((st)°(D), 4e5 constitute a presentation of W .

Let (W, S) be a Coxeter system. The matrix M (S) := (o(st))stes is called the type of
(W, S). For an element w € W we put l(w) := min{k € N | w = $189...8 where s; €
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S for 1 <4 < k}. The number [(w) is called the length of w. For a subset J of S we put
W := (J) and we call it spherical if W} is finite.

In the following proposition we collect several basic facts on Coxeter groups which can
be found in the usual standard references [Bo68] or [Hu90].

Proposition 4.1.: Let (W,S) be a Cozeter system.
a) Forw € W,s € S we have {l(ws),l(sw)} C {{(w) — 1,1(w) + 1}.

b) For w e W,s,t € S with l(sw) = l(w) + 1 = l(wt) we have I(swt) = l(w) + 2 or
swt = w.

c) For J C S the pair (Wy,J) is a Cozxeter system and if l; : W; — N is its length
function, then l; =1 |w,.

d) Let w € W and J C S. Then there exists a unique element w; € wWj; such that
Hwyt) = l(wy) + 1 for all t € J. Moreover, we have l(x) = l(wy) + ly(w; ) for all
x € wWj.

e) If J C S is spherical, then there is a unique element r; € Wy such that l(ryw) +
l(w) =1(ry) for all w € Wy; the element r; is a non-trivial involution if J # (.

f) For each w € W the set J~(w) :={t € S| l(wt) = I(w) — 1} is a spherical subset
of S and l(wr - (w)) = l(w) = U(rs—(w))-

g) Let w € W and let J C S be spherical. Then there exists a unique element w’ €
wWy such that l(w’t) = l(w”)—1 for allt € J and we have w” = wyr;. Moreover we
have l(z) = l(w!)—=1;((w?) " x) for all z € wW;; in particular, [(ws)+1(r;) = l(w?).

h) Letw € W and K, J C S, then there exists a unique shortest element w in WxwW;.
Moreover, if w' € WxgwW; then w' = w if and only if l(w't) = l(w') + 1 = l(uvw’)
forallt € J and all u € K.

Buildings

Let (W, S) be a Coxeter system. A building of type (W, S) is a pair B = (C, ) where C
is a set and where 6 : C' x C — W is a distance function satisfying the following axioms
where z,y € C and w = 6(z, y):

(Bu 1) w=1if and only if z = y;

(Bu 2) if z € C is such that §(y,z) = s € S, then d(z, z) = w or ws, and if, furthermore,
l(ws) = l(w) + 1, then 6(x, 2) = ws;

(Bu 3) if s € S, there exists z € C such that 6(y,2) = s and 6(z, 2) = ws.



For a building B = (C, ) we define the chamber system C(B) = (C, (~s)scs) where
two chambers ¢, d € C are defined to be s-adjacent if d(c, d) € (s).

In this paper all buildings are assumed to be thick which means that for any s € S
and any chamber ¢ € C there are at least three chambers being s-adjacent to c.

For any two chambers x and y we set [(z,y) = [(6(x,y)). In the following proposition
we collect several basic facts about buildings. We refer to [Ro89] and [We03] for the
details.

Proposition 4.2.: Let (W,S) be a Cozeter system and let B = (C, ) be a building of
type (W, S).

a) The chamber system C(B) = (C, (~s)ses) uniquely detemines B; in other words, the
s-adjacency relations on C determine the distance function §.

b) Force C and J C S we have R;(c) = {x € C | (¢, x) € W,}.

c) If d: C x C — N is the numerical distance between two chambers in (C, (~g)scs),
then d = .

d) Let ¢ € C and let R C C be a J-residue for some J C S. Then there exists a
unique chamber x € R such that §(c,z) = (0(c,z))s. Moreover, for all y € R one
has 6(c,y) = 0(c, z)d(z,y) and in particular, I(c,y) = I(c,x) + I(z,y).

Given ¢ € C and a J-residue R of B as in Assertion d) of the previous proposition,
then the chamber z of its statement is called the projection of ¢ onto R and it is denoted

by projjc.

Proposition 4.3.: Let (W, S) be a Cozeter system and let B be a building of type (W, S).
Then the chamber system C(B) is simply 2-connected.

Proof: This is Theorem (4.3) in [Ro89). O

Twin buildings

Let By = (C4,64),B- = (C_,6_) be two buildings of the same type (W,S), where
(W, S) is a Coxeter system. A codistance (or a twinning) between B, and B_ is mapping
0 1 (Cy x C_)U (C_ x Cy) — W satisfying the following axioms, where € € {+, -}, x €
Ce,y € C_. and w = 6,(z,y):

(Tw 1) 6,(y,2) = w™
(Tw 2) if z € C_ is such that 0_.(y,2) = s € S and l(ws) = l[(w) — 1, then d,(z, 2) = ws;

(Tw 3) if s € S, there exists z € C'_, such that §_(y,2) = s and 0.(z, 2) = ws.



A twin building of type (W, S) is a triple (B, B_,J,) where By, B_ are buildings of
type (W, S) and where 0, is a twinning between B, and B_.

For the rest of this section let B = (B4, B_,d,) be a twin building of type (W,S5),
where (W, S) is a Coxeter system and where B, = (C¢, o.) for € € {+, —}.

As explained in the previous subsection the buildings B, can be considered as chamber
systems over S. Let J C S. A J-residue in B is a J-residue in B; or B_. For z € C; and
y € C_ we put L(z,y) = l(d.(z,y)).

In the following proposition we collect some basic facts about twin buildings.

Proposition 4.4.: Let ¢c € Cy, let R C C_ be a J-residue for some J C S. Put
l(e, R) := min{li(c,z) | z € R} and A.(R) :={z € R | l.(c,z) = L(c,R)}.

a) Let x € R. Then x € A.(R) if and only if (6.(c,z)); = 0.(c,x). Moreover, if
z,y € A(R), then d.(c,z) = 0.(c,y).

b) Lety € R. Then there exists x € A.(R), such that 0.(c,y) = d.(c,2)0_(x,y).

c¢) If J is spherical, then there is a unique chamber z € R such that (0.(c,2))’ =
d.(c, z). Moreover, for ally € R we have 0.(c,y) = 0.(c, 2)0_(z,y) and in particular

L(e,y) = L(c, 2) — U(z,y).

d) If J is a spherical subset of S, then any two J-residues of B are isomorphic for
each € € {+,—}.

Proof: Let y € R and put w := d.(c,y).

Suppose first that there is ¢t € J with [(wt) = [(w) — 1. Choose a chamber y' € R with
y ~¢ y' # y. It follows from the axioms (Tw1)-(Tw3) that d.(c,y') = wt. Hence y € A.(R)
in this case.

As {0.(c,y) | y € R} C wW; it follows from the above consideration that A.(R) = {z €
R | 0.(c,z) = wy}. This proves Part a) of the proposition.

Let now t1t5...1t; be a reduced representation of w;lw and let y = yo ~y, Y1~y oo~
yr = z. It follows from our first consideration (by an easy induction on k) that z € A (R)
and that 6_(z,y) = w;'w. This finishes Part b).

Part c) follows from (4.1) in [Ro00] and Part d) is an easy consequence of (4.3) in loc.
cit.. O

Let ¢,J and R be as in the proposition above. Then we put d.(c, R) := d.(c, z) for
some z € A,(R). It follows from Parts a) and b) of the proposition that d.(c, R) is
well-defined and that [(d,(c, R)) = l.(c, R).

Let ¢, J and R be as in Assertion c¢) of the previous proposition, i.e. we suppose now
in addition that J is a spherical subset of S. As before, the chamber zx in its statement
is called the projection of ¢ onto R and denoted by projpc. Moreover, the following
observation is an easy consequence of the previous proposition.

Corollary 4.5.: Let ¢, J, R be as above and suppose that J is spherical. Then A.(R) =
{z € R|_(projgc,x) =7r,}.
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The following proposition is the ‘twin version’ of the main result in [DS87]. The proof
given there generalizes without much change to the situation of twin buildings.

Proposition 4.6.: Let R, () be two spherical residues of a twin building. Put projp Q :=
{projpz | x € Q}. Then the following holds:

a) projp Q is a spherical residue contained in R.

b) If R = projp @ and Q' := projy R, then proj% = projp |lo: @ — R' and
projg = Projey lr: R — @' are adjacence-preserving bijections inverse to each
other.

5 The chamber system far away from a chamber

Throughout this section let A = (B, B_,J,) be a twin building of type (I, S) where
(W, S) is a Coxeter system and where B, = (C¢, ¢,) for € € {+, —}.

The filtration F.

We choose an injection w — |w| from W onto N such that I(z) < [(y) implies |z| < |y|
for all z,y € W and such that |1y| = 0. Moreover, we fix a chamber ¢ € C.. We define
C,, by setting C,, := {z € C_ | |[0.(c,z)| < n}. The goal of this subsection is to show the
following proposition.

Proposition 5.1.: With the definitions above, the family F. := (Cp)nen 1s a residual
filtration of the chamber system C(B_).

Proof: It is obvious that F, satisfies the axioms (F1) and (F2) and from this it follows
that these axioms also hold ‘residually’.

Let R be a J-residue of C(B_) with J # 0. and let |R| := min{k | Cx N R # 0}. It
follows from the definition of F, and by Proposition 4.4 that Cig N R = A.(R) = {z €
R | 0.(c,z) = d.(c, R)} and that |d,(c, R)| = |R).

Let 0 < m € N be such that C,_; N R # (). We have to show that there is ¢ € J with
the property that each chamber x in RN C,, is t-adjacent to a chamber 2’ € RN C,_;. If
C,NR=C,_1NR we can choose t € J arbitrarily and set z’ := x for each x € RN C,.
Suppose now that RN C,_; is properly contained in C, N R, choose y € C,, \ C,,_; and
put w := d,(c,y). Since || injects W into N, it follows from the definition of F, that
d:(c,y) = w for all ¥ € C,, \ C,,_1. On the other hand, there exists z € A.(R) such
that w = 0.(c,y) = d.(c,z)d_(z,y) by Assertion b) of Proposition 4.4. As C,, ;N R # ()
it follows that y ¢ A.(R) and hence 0_(z,y) € W, \ {lw}. Let ¢t € J be such that
1(6_(z,y)t) = 1(0_(z,y)) — 1. As d.(c,z) = (6«(c,2))s and d_(z,y) € W, (by Part b) of
Proposition 4.2) it follows that [(wt) = [(w) — 1 by Part d) of Proposition 4.1. For any
chamber z € RN C, we choose a chamber 2z’ € R as follows. If z € C,,_; then we put
2=z If z € C,\ C,—1 then we choose 2/ € R such that z ~; 2’ # z. In the first
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case, it is obvious that 2’ is in RN C,_y; in the second case we have d,(c, z) = w and as
l(wt) = l(w) —1 it is a direct consequence of the axioms for a twinning that d,(c, 2') = wt.
As l(wt) = l(w) — 1 it follows that |wt| < |w| = n and therefore 2 € C,,_;. Ast € J we
have also 2’ € R.

The case J := S is a special case of the consideration above. This shows that F, satisfies
Axiom (F3). Hence F, is a residual filtration. O

A criterion for the simple connectedness of c°?

For ¢ € C we put ¢ := {z € C_ | .(¢c,z) = 1y }. The chamber system (c°P, (~)ses) is
called the chamber system far away from c. Here is the main result of this section.

Theorem 5.2.: Suppose that the following conditions are satisfied:
a) If J C S is of cardinality at most 3, then J is spherical.

b) If J is of cardinality 2, if R C C_ is a J-residue and if x € R, then the chamber
system ({y € R | 6_(z,y) =rs}, (~t)tes) is connected.

c) If J is of cardinality 3, if R C C_ is a J-residue and if x € R, then the chamber
system ({y € R | 6_(z,y) = rs}, (~¢)ies) is simply 2-connected.

Then the chamber system far away from a chamber c € C is simply 2-connected.

Proof: Let ¢ € Cy, and let F, = (Cy)nen be the residual filtration of the previous
subsection. Note first that Cy = ¢°P.

For a set X C C_ define aff.(X) as in Section 3 with respect to the filtration F,.

Given a spherical J-residue R of B_, then aff.(R) = A.(R) and by Corollary 4.5 we have
therefore aff.(R) = {x € R | §_(projgc,x) = r;} for each such residue.

Now F,. satisfies (lco) by Assumption b) and it satisfies (Isco) by Assumption c). As
C(B-) is simply 2-connected by Proposition 4.3 the claim follows now from Theorem
3.14. (|
Proof of Theorem 1.1:

Theorem 1.1 follows from Theorem 5.2 and Part d) of 4.4.

6 Flipflop chamber systems

Involutions and flips of twin buildings

Lemma 6.1.: Let (W,S) be a Cozeter system, let w € W be an involution and let s € S
be such that l(ws) = l(w) — 1. Then I(sws) = l(w) — 2 or ws = sw. In particular, ws or
sws are involutions of strictly smaller length than w.
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Proof: Let s;...s; be a reduced representations of ws. Then s;...s;s and ss...$;
are reduced representation of w and hence l(sw) = l(w) — 1. If l(sws) # l(w) — 2,
then I(sws) # l(sw) — 1 and therefore I(sws) = I(sw) + 1 = l(w) = l(ws) + 1 Now
l(s(ws)) = l(w) = l((ws)s) and as I(w) = I(ws) + 1 we have that s commutes with ws by
the Exchange property (Part b) of Proposition 4.1) and therefore s commutes with w. U

Definition 6.2.: Let B = (B;,B_,0.) be a twin building of type (W, S) where (W, S)
is a Coxeter system and where B, = (C,d.) for € € {+,—}. An involution of B is an
involutory permutation 7 of C; U C_ such that the following holds for all € € {4, —}.

(In1) 7(Ce) = C—¢
(In2) 6_(7(x),7(y)) = dc(z,y) for all z,y € C;
(In3) 6.(7(x),7(y)) = di(z,y) for allz € C.,y € C_..

Let 7 be an involution of B. For each spherical residue R of B we put
projp 7 := {z € R | proj 7(z) = z}.
An involution 7 of B is called a flip if projp 7 # P for each panel of B.

Remark: Flips of twin buildings have been defined in [BGHS] in a different way. It
is not hard to see that an involution satisfying our conditions is also a flip in the sense
loc.cit.. However, we do not know whether the definitions are equivalent. Anyhow, our
definition of a flip covers the cases in which one is interested, namely those where the
involution in question is twisted with an involutory field automorphism. We prefered to
use the definition above because it is much more convenient for our purposes in the sense
that we can avoid several technical details.

The following lemma is immediate.

Lemma 6.3.: Let ¢ be a chamber of a twin building B and let 7 be an involution of
B. Then w := 6.(c,7(c)) is an involution. Moreover, if s € S and if P is the s-panel
containing ¢ then ¢ € projp 7 if and only if l(ws) = l(w) — 1.

Proposition 6.4.: Let B be a twin building, let T be a flip of B and let R be a J-residue
of B. Put l.(1, R) := min{l(6«(z,7(x)) | x € R} and A, (R) := {z € R | I(0.(z,7(x)) =
l.(1,R)}. Then the following holds:

a) For x,y € A, (R) one has §,(x,7(x)) = 0.(y, 7(v)).
b) If x € R is such that 1(8,(x, 7(x))t) = (6 (z, 7(x))+1 for allt € J, then x € A, (R).

Proof: Let z € R and let w := 0,(z,7(x)).

Suppose first that {(wt) = [(w) — 1 for some t € J. If P denotes the ¢-panel containing z,
it follows that = € projp 7. As 7 is supposed to be a flip there exists a chamber y € P with
y & projp 7 which implies that {(d.(y, 7(y))) < [(w) by Lemma 6.1. Hence = ¢ A, (R).
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The sets Y := {d.(z,7(z)) | € R} and W;wW; are equal and by Part h) of Proposition
4.1 there exists a unique shortest element in Y which we denote by w. It follows from the
previous consideration that A, (R) = {z € R | 6.(z,7(x)) = w} which yields Assertion a).

Suppose now that [(wt) = [(w) + 1 for all t € J. As w is an involution it follows that
[(tw) = l(w) + 1 for all t € J and by by the second assertion of Part h) of Proposition 4.1
we conclude that w = w, and therefore z € A, (R).

a

The filtration F,

Throughout this section let B = (B, B_,d.) be a twin building of type (W,S) where
(W, S) is a Coxeter system and where B, = (C,, d,) for € € {+,—} and let 7 be a flip of
B. For each residue R define the set A.(R) as in Proposition 6.4.

Let Inv(W) := {w € W | w? = 1y} and let x — |z| be an injective mapping from
Inv(WW) into N such that |1y| = 0 and such that I(z) < I(y) implies |z| < |y| for all
z,y € Inv(W). Define C,, := {c¢ € Cy | |0.(c,7(c))] < n}. We have the following
proposition.

Proposition 6.5.: With the definitions above, the family F, = (Cp)nen 1S a residual
filtration of C(B).

Proof: It is clear from the definitions that F, satisfies axioms (F1) and (F2) and that
these axioms are also satisfied the families (R N Cy,)nen for each residue R of B,.

Let ) # J C S, let R be a J-residue of C(B4) and put |R| := min{k € N | C,NR # 0}. It
follows from Proposition 6.4 Part a) and from the definition of 7, that Cjg N R = A, (R).

Let 0 < n € N be such that C,_; N R # (). We have to show that there is ¢ € J with
the property that each chamber x in RN C),, is t-adjacent to a chamber 2’ € RN C,_;. If
C,NR=C,_1N R we can choose t € J arbitrarily and set z' := x for each x € RN C,,.
Suppose now that RN C,,_; is properly contained in C, N R, choose y € C,, \ C,,_; and
put w = 0,(y,7(y)). It follows from the definition of F, that 6.(y',7(y’)) = w for all
y' € C,\Cp 1. As C,, 1 N R # 0 it follows that y ¢ A, (R) and hence there exists t € J
such that I(wt) = [(w) — 1 by Part c) of Proposition 6.4 and Part a) of Proposition 4.1.
For any chamber z € RN C,, we choose a chamber 2z’ € R as follows. If z € C,_; then we
put 2’ := z. If z € C,,\ C,,_1 then, by Lemma 6.3, projp 7(z) = z where P is the t-residue
containing z. By Proposition 4.6, two situations can occur: either projp 7(P) is P itself,
or projp 7(P) is a single point, which can only be z by the remark above.

In the first case, we choose 2’ in P (so that 2’ is t-adjacent to z) such that projp 2’ # 2’
(which is possible because 7 is supposed to be a flip), hence 6,(2',7(2')) = wt. Since
l(wt) =1l(w) -1, 2 € C,_1,and 2’ € Rsince t € J.

In the second case, we choose z' # z in P. Then 0,(2',7(2")) = twt, I(twt) = I(w) — 2,
and we reach the same conclusion.

The case J := S is a special case of the above consideration which shows that F_ satisfies
Axiom (F3). Hence F. is a residual filtration. O
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A criterion for the simple connectedness of 7°P

Let 7 be a flip of the twin building B. We put 7P := {c¢ € C, | d,(¢,7(c)) = 1w }. Here
is the main result of this section.

Theorem 6.6.: Suppose that the following conditions are satisfied:
a) If J C S is of cardinality at most 3, then J is spherical.

b) If J C S is of cardinality 2, if R C C, is a J-residue then the chamber system
(A7 (R), (~t)tes) is connected.

¢c) If J C S is of cardinality 3, if R C Cy is a J-residue then the chamber system
(AL (R), (~¢)tes) is simply 2-connected.

Then the chamber system (7°P, (~y)ses) s simply 2-connected.

Proof: Let F. = (C,)nen be the residual filtration of the previous subsection. Note
first that Cy = 7°P.

For a set X C C, define aff, (X) as in Section 3 with respect to the filtration F,.
Given a spherical J-residue R of B, then aff,(R) = A, (R).

Now F, satisfies (lco) by Assumption b) and it satisfies (Isco) by Assumption c¢). By
Proposition 4.3 the chamber system C(B.) is simply 2-connected and therefore the claim
follows now from Theorem 3.14. O
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