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Abstract

In order to take into account uncertainties about the values of the hydro-
geological parameters of the rock hosting a deep geological repository, proba-
bilistic methods are used in the risk assessment of radioactive waste reposito-
ries. Random generators could be globally invoked twice in adjoint Monte Carlo
(AMC) simulation. Once for sampling hydro-geological parameters from known
probability density functions (pdf). Next, for each selected set of parameters,
random walks could be simulated for the evaluation of concentration of contam-
inants. With a moderate number of random walks (batch size), AMC method is
efficient for computing mean values of concentrations. However, the higher mo-
ments of the concentration distribution and the distribution tails are in general
not evaluated with accuracy. To cope with these inconveniences, we propose an
adaptive AMC method in which the batch size is dynamically increased. The new
approach is applied for the accurate assessment of the probability of exceeding
some imposed critical concentrations.
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1. Introduction

We address the problem of the risk assessment of radioactive waste repositories in deep
geological media. The migration of radionuclide chains are simulated through the advection-
dispersion transport equations, (see, e.g., [1,10,19]). Recently, in a series of works, [11]-[15],
the boundary value problem involved has been transformed into integral equations which are
solved by means of Monte Carlo integration method [5,6]. The resulting method is known
as a non-analog adjoint Monte Carlo (AMC) simulation method. With this approach, it is
easy to quickly estimate instantaneous or cumulative (integration over the simulation time)
concentrations of contaminants at specific local areas of the geological medium, for instance at
wells and the interface between two different geological layers. This contrasts with classical
numerical (finite difference, finite volume or finite element) methods where the solution is
computed at grid-points covering the whole physical domain. This gives rise to both memory
and time consuming computations, especially in the case of three-dimensional models, or when
a stochastic uncertainty analysis is required in order to take into account the uncertainty of
hydro-geological parameters involved [3,4,8,16,18,20].

In probabilistic risk analysis of radioactive waste repository by AMC method, the param-
eters of the geological medium are sampled from given pdfs. Next, for each sampled set of
parameters, random walks are simulated to estimate the mathematical expectation of con-
centration of contaminants at target points or areas. We have observed that with a moderate
batch size (number of random walks), AMC method computes accurate mean values of con-
centrations. However, a fair representation of the concentration distribution requires high
batch sizes. This leads us to propose an adaptive AMC method in which the batch size is
dynamically increased during successive simulations. We apply the new method to estimate
the probability of exceeding some imposed critical concentration, which could arise from
regulatory requirements.

The paper is organized as follows. In Section 2, we summarize the theoretical basis behind
AMC approach. Section 3 is devoted to the description of our stochastic uncertainty analysis.
Numerical experiments are presented in Section 4. Concluding remarks are drawn in Section 5.

2. Theoretical Background
2.1. Contaminant transport equations

We consider the transport of decay chain of radionuclides in a three-dimensional semi-infinite
water saturated porous medium D bounded above by a surface (plane) S. The governing
equations are following [1,2].
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with

7 = three-dimensional variable (z',y,2")

' = time variable

N, = number of radionuclides in the chain

C(¥,t';i) = concentration of radionuclide 4

A(7,t';4) = activity of radionuclide %

6(7) = porosity

R;(7) = retardation factor of radionuclide 4

a) = Darcy velocity (v(7) = ZE::; = advection velocity)

Ai = radioactive decay constant of radionuclide ¢

E(F’) = diffusion-dispersion tensor

Du ) = hydrodynamic diffusion-dispersion tensor

Dum () = molecular diffusion tensor

D. () = kinematic dispersion tensor

S(',¥';4) = source term of radionuclide %

2.2. Integral formulation

The following adjoint reference equations are needed.
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where § denotes the Dirac function. Egs. (7)-(8) is the adjoint of Eq. (1) divided by A,

and modified as follows: w;('), g(#') and D (') are replaced by w}(#'), ¢*(7') and D (),

respectively. Moreover we assume that a unit pulse source is located at 7 = 7 at time

t" = t. The choice of the coefficients in (7)-(8) is guided by efficiency reasons of the Monte

Carlo simulation [12,14,15]. The analytical (adjoint reference) solution of (7-8) is denoted by

C*(7,t';i|F, t; ). By generalizing the mathematical transformations elaborated in [9, pages 206-
209], the following Volterra integral equation of the second kind has been obtained in [11]

(see also, [14, Appendix B and Eq. (19)]).
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where d2 and J;; denotes a two-dimensional Dirac function associated to the surface S and
the Kronecker symbol, respectively, while
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2.3. Monte Carlo methods

For simplicity, we drop the radionuclide index i. The integral equation (9)-(16), divided by
Ai, may be formally written as:

C(F, 1) = Q(F, 1) + / dt! / d&F K7, 1|7, 1) C(F, 1) (17)

or, in abbreviated form:

C=Q+kC (18)



where x stands for the appropriate integral operator. In practice, one evaluates the functional

J:/dt / dF o(F, 1) C(7, 1) (19)

where ¢(7,t) denotes the pay-off function [6,13]. We report below examples of pay-off func-
tions which play a key role in the risk assessment of radioactive waste repositories.

1. o(7,t) = 6(7 — Py) 6(t — t,) with Py = 7 = (o, Yk, 2k). J corresponds to the concen-
tration at time 7, at location Pj.

2. ¢(7,t) = 6(7 — Py) Hyr,)(t) where Hjoz1(t) = 1 inside [0,7p] and 0 outside [0, Tp]. J
gives the cumulative concentration from ¢ = 0 to ¢t = T at Py.

3. p(7,t) = do(T — s,y Ho,1)(t) where d denotes a two-dimensional Dirac function associ-
ated to the surface Sy. J yields the concentration accumulated on Sy during the time interval
[Oa TO] :

By expanding (18) into a Neumann series one obtains:

C=T-k)"'1Q=Q+rQ+rQ+r*Q+... (20)

where I stands for the identity operator. Hence it follows that
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where

J; = / dt / dr (7, 1) C;(7, 1) . (24)

In practice, each integral that appears in (24) is computed by means of classical Monte
Carlo integration method [5,6]. A limited number of Neumann terms (N7 < 20) is in general
sufficient to obtain accurate estimate [7].

3. A stochastic uncertainty analysis

A very important issue in any risk assessment analysis is the effects of the hydro-geological
parameters uncertainties on the mathematical models. Our analysis is confined to the uncer-
tainties on the value of the retardation factors.



3.1. Uncertainty of retardation factors

In our model the retardation factor is constant per geological layer. For any radionuclide j
one has that [2,4]:

Ri=1+ % K9 (25)

where py, 0, and K éj ) denote the bulk density of the solid phase, the porosity, and the sorption
distribution coefficient, respectively. The coefficient K é] ), which is highly dependent on the
composition of the porous medium, the type of the radionuclide, and a series of chemical
conditions like pH, is mainly responsible for the uncertainty on the retardation factor. It is
widely admitted that K (gj ) is log-normally (natural logarithm) distributed (say, YU =InK (g] )
is a normal distribution) [8]. This gives rise to the following pdf for R;:

DR — )2
R T G = (26
J

where p1; and o; stand for the mean and the standard deviation of the log-normal pdf involved.
For later use, we report in Table 1 some values for a geological medium made of clay and
sand.

Table 1: Means (u) and standard deviations (o) of the log-normal pdfs for the retardation factors of
240 Py, and 230U in clay and sand.

clay sand

M o u o
240 py, 919 04 | 6.99 0.8
23677 799 04 | 148 0.8

3.2. Adaptive AMC method

In a probabilistic risk analysis of a radioactive waste repository by AMC method, the following
steps are performed:

1. N, values of the retardation factor are sampled;
2. for each sampling, a Monte Carlo score Jj is computed (Mis the batch size);
3. the mean Jy, of the N, Monte Carlo scores Jy, is considered as the target value.

It emerges from numerical experiments that, with a moderate batch size, accurate mean
values of concentrations are obtained. But the Monte Carlo scores jM observed are not
representative if the batch size is not enough large. This could lead to a wrong estimate
of the probability of exceeding some imposed critical concentration, which could arise from
regulatory requirements. In Fig. 1, we propose an adaptive AMC method in which the batch
size is dynamically increased during successive simulations. To compute Monte Carlo scores
after increasing the batch size, it is not necessary to restart the whole process provided that
suitable intermediate information (samplings, random walks, truncated Neumann series) are
stored. Our algorithm could also be used for a dynamic reduction of the statistical errors.



1. Doi=1, N,
sampling of parameters (store)
11 Doj=1, M
radionuclides transport by
random walks
End Do
1.2 store information for later use
1.3 Intermediate score
End Do
2. If not satisfied increase M and go to 1.
Final score (mean value)
4. Stop

@

Figure 1: Adaptive adjoint Monte Carlo algorithm

4. Numerical experiments

The radioactive waste repository is located in a clay layer surrounded by sand layers. The
upper aquifer sand layer extends from z = —200m to the upper surface of equation z = 10m
where there is no flux. In the clay layer, which extends from z = —200m to z = —290m, the
ground-water flow (Darcy velocity) is assumed to be zero. The domain extends horizontally
from £ = 0m and y = 0m to £ = 10000m and y = 10000 m. We assume a band release of
radionuclides from the source, which is centered at 7 = (2500 m, 2500 m, —240 m), and whose
total activity is 3.2 x 102% dpy (disintegrations per year). Note that 1023 dpy ~ 3 x 10'° Bq.
We consider the following radionuclide chain:

60y, A1y 2677 A2 2827y (27)
Only the first two elements of the chain are considered in the migration. The last one (?*2Th)
is assumed to be stable. The activity proportions of 240 Py and 236U in the source are 0.9999
and 10~*, respectively. The other parameters are given as in Table 2. The target value is the
cumulative activity A of 23U at the upper clay-sand interface (z = —200m) after 3.0001 x 107
years. The effects of the uncertainty on the value of the retardation factors are taken into
account. We are interested in estimating the probability of exceeding given radionuclide
activity threshold Ag: P(A > Ap). The computations are carried out by means of the
TRACKS code [7].

For any number of parameter samplings (retardation factors) N, and batch size M, P(A >
Ap) is estimated from the set of scores observed together with their relative frequencies. The
results of our experiments are reported in Tables 3-5. Each score is given in the form a £ b
where a denotes the average computed while b stands for the statistical uncertainty at 90 %
statistical confidence level [5,6]. We have the following comments.

e The global mean score is almost independent of (reasonable values of) the batch M and
the number of parameter samplings N,. All the activity estimates observed belong to the
confidence interval [11.24 , 13.06] whose mean value is 12.15.



Table 2: Radioactive decay constant ()\;) in yr~!, uncertain retardation factors (R;), Darcy velocity

(q1,) in m/yr, porosity (#), molecular diffusion (D,,) in m?/yr, and dispersivity (in m).

R;

radionuclide Ai clay  sand

240 py, 1.0250 x 10~ | 10670 1500

Béy 2.8860 x 1078 | 3200 6
ground-water Darcy velocity 0. 2.27
porosity 0.3 0.3
molecular diffusion 0.010 0.073
dispersivity 0 40

Table 3: M = 10000, N, variable, Activity unit: 10%® dpy, Ao = 20, 30, 40.

P(A> Ag) for Ay =
N, Activity 20 30 40
1000 | 12.03 £ 0.25 || 0.066  0.0000
2000 | 12.16 £ 0.18 || 0.072 0.0010
3000 | 12.11 £ 0.15 || 0.069 0.0013
5000 | 12.06 + 0.12 || 0.071  0.0022

10000 | 12.04 £ 0.08 || 0.071  0.0017

> oo o 0

Table 4: M = 20000, N, variable, Activity unit: 10%® dpy, Ao = 20, 30, 40.

P(A> Ap) for Ay =
N, Activity 20 30 40
1000 | 12.59 + 0.28 || 0.095 0.0040  0.0000
2000 | 12.73 £ 0.20 | 0.102 0.0060  0.0000
3000 | 12.69 £+ 0.16 || 0.098 0.0063 0.0003
5000 | 12.62 £ 0.13 || 0.099 0.0068 0.0002

10000 | 12.60 + 0.09 || 0.099 0.0061 0.0001




e When we keep the batch size M unchanged while we let the number of parameter samplings
N, vary from 1000 to 10000, it is clear from Tables 3 and 4 that P(A > A) weakly depends
on N,. There is however a significant discrepancy between the estimated probabilities for
M = 10000 and M = 20000.

e Too small values of the number of parameter samplings N, and, to a large extent, unsuitable
values of the batch size M, may give rise to a rough, or even a completely wrong, probability
estimate for exceeding given thresholds. For instance, from the third row and the last column
of Table 3 we have that P(A > 30 x 10?3 dpy) = 0 and P(A > 40 x 10?3 dpy) = 0. However,
both events have obviously non-zero probabilities.

e All the above observations bring out the necessity of dynamically increasing the batch size
when probabilities are sought.

Table 5: M = 10000 fixed, M variable, Activity unit: 1022 dpy, A¢ = 20, 30, 40.

P(A > Ag) for Ay =
N, Activity 20 30 40
10000 | 12.04 +0.08 | 0.071  0.0017  0.0000
20000 | 12.60 + 0.09 || 0.099 0.0061  0.0001

100000 | 11.33 +0.09 || 0.074 0.0066  0.0003

120000 | 12.38 +0.09 | 0.086 0.0066 0.0003

140000 | 11.31 £ 0.07 | 0.048 0.0017  0.0001

150000 | 11.91 + 0.08 || 0.063  0.0029  0.0001

160000 | 12.97 + 0.09 || 0.104 0.0083  0.0003

180000 | 12.17 + 0.08 | 0.078  0.0050  0.0001

200000 | 11.84 & 0.08 | 0.073 0.0061  0.0003

5. Concluding remarks

We have proposed an adaptive adjoint Monte Carlo simulation algorithm for the risk analysis
of a radioactive waste repository when the uncertainty of hydro-geological parameters are
taken into consideration. The batch size is dynamically increased during the computations.
This enables us to obtain not only accurate estimates of concentrations at target areas, but
also a fair representation of concentration distribution for a given area. Numerical experi-
ments reported show that adaptive AMC algorithm could be successfully used to improve
the estimated probability of exceeding some imposed concentration threshold, which could
arise from regulatory requirements. Nevertheless, there are a few points that await further
investigation. One should find out rules for choosing the starting batch size M, and rules for
increasing the batch size. Appropriate criteria for stopping the process should be designed
too.
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