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Abstract - Parallel block preconditionings based on in-
complete block matrix factorizations are explored. The
recently introduced concept of pseudo-overlap subdomains
[M. Magolu monga Made, and H.A. van der Vorst, Parallel in-
complete factorizations with pseudo-overlapped subdomains,
Parallel Computing, Vol. 27, 2001, pp. 989-1008] is combined
with implicit block fill-in technique [M. Magolu monga Made
and B. Polman, Efficient planewise like preconditioners to
cope with 3D problems, Numerical Linear Algebra with Ap-
plications, Vol. 6, 1999, pp. 379-406]. The parallel block
preconditioners so obtained significantly improve the perfor-
mance of existing parallel block incomplete factorizations.

Keywords— block tridiagonal matrices, parallel incomplete
block factorizations, pseudo-overlap, implicit block fill-in,
preconditioned conjugate gradient.

I. INTRODUCTION

Without any contest, incomplete factorizations of matrices
are the most popular preconditioning techniques for solv-
ing large and sparse linear systems. Block (linewise) vari-
ants are more efficient than pointwise schemes of the same
computational complexity [4], [13], [15]. This superiority
of blockwise preconditionings is more pronounced when
either of the following conditions holds(see, [9], [15]):

- there are strong jumps in the variation of the PDE coeffi-
cients;

- there are less Dirichlet boundary conditions;
- the total number of unknowns is very large;

- the number of unknowns in one direction is much larger
than in the other direction(s), and the lines are taken along
the longest direction.

Both the construction and the application of the precondi-
tioners based on incomplete factorization use recursions,
which are not easy to implement on parallel architectures.
A common technique to increase the degree of parallelism
in the preconditioners involved consists in changing the
numbering of the unknowns. This usually leads to a dete-
rioration of the convergence rate. This trade-off between
high level parallelism and rate of convergence has been
illustrated in [5]. As far as pointwise schemes are con-
cerned, sophisticated techniques, that combine parallel re-
orderings with suitable selective fill-in strategies around the
interfaces between adjacent subdomains, have been intro-

duced recently in [16], [17], [18], and theoretically ana-
lyzed in [19]. Properly handled, the methods proposed lead
to a better balance between high level parallelism and fast
rate of convergence. The technique has been successfully
applied in [12] to unstructured finite element matrices from
real life acoustic wave propagation problems. Other paral-
lelization strategies may be found in [6], [23] and in [24,
pp. 374-376].

When it comes to classical block incomplete factorizations,
as the ones investigated in [4], several attempts have been
reported in the literature, see, e.g., [1], [2], [10], [14], [20],
[21], [22]. So far, none of the methods proposed leads to
a almost perfect speed-up as achieved with the pointwise
parallel preconditioners proposed in [16]-[19]. Our goal in
this study is to improve the parallel block preconditioners
investigated in [10]. To this end, as in [17], we will start
by combining ingredients from domain decomposition with
overlap, with local re-ordering strategy. Beside this, we
will also make use of the implicit block fill-in technique
used in [14].

The paper is organized as follows. The definitions and no-
tation we need are summarized in Section 2. In Section 3,
we describe our parallelizable incomplete block-matrix
factorizations through a two-dimensional model problem.
Numerical experiments performed on a 16-processor SGI
Origin 2000, are discussed in Section 4. Concluding re-
marks are given in Section 5.

Il. BACKGROUND

A. General terminology and notation

Below are some symbols that are used in our work. A de-
notes a given square matrix of order n.

At :  transpose of A
diag(A) pointwise diagonal matrix whose
diagonal entries coincide with those of A

offdiag(A) A — diag(A)

tridiag(A) pointwise tridiagonal matrix whose main
three diagonals coincide with those of A

diagyocc(A) block diagonal matrix whose block
diagonal entries coincide with those of A

offdiagy, o (A) A — diagy,,q(A) .

m number of main diagonal blocks in A

p : number of available processors



A real square matrix A is called a Stieltjes matrix (or equiv-
alently, a symmetric M-matrix) if it is symmetric positive
definite and none of its offdiagonal entries is positive.

By the LPL? factorization of a Stieltjes matrix S, we un-
derstand the (exact) factorization S = L;P;Lt, where P;
is a diagonal matrix and L, is a lower triangular matrix
with diag(Ls) = L

B. Model problem

We consider the following self-adjoint second order two-
dimensional elliptic boundary value problem:

—(pus), — (buy), = flz,y) in Q=(0,1)x(0,1)
u = 0 onT’
ou
o 0 on OO\T , (1)

where n denotes the outer normal to the boundary 6<2 of (2,
I" stands for a nonempty portion of 9€2. The coefficients ¢
and ¢ are positive, bounded and piecewise constant. Eq. (1)
is discretized over a uniform rectangular grid of mesh size
h, with the five-point finite volume method. The lexico-
graphical ordering in the (x, y)-plane is used to number the
unknowns. This yields a linear system of the form

Au=hb )
where
[ Ay A, 0 o ]
A1 Az Ays
A= o0 0
Amfl,m Amfl,mfl Amfl,m
L 0 e 0 Am,mfl Am,m
(©)

is a nonsingular block-tridiagonal, irreducibly diagonally
dominant, Stieltjes matrix. Each A;; is a (small) point-
wise tridiagonal matrix, while each A; ;, i # j, is a (small)
pointwise diagonal matrix. We will solve (2) by means
of the preconditioned conjugate gradient (PCG) method,
whose algorithm is given in Fig. 1.

C. Incomplete block-matrix factorizations
A may be split as
A=D-L-1I} 4)

with

]
I

dia‘gblock(A) (5)

—(L+ L) offdiagy,joei (A)

1. 7@ :=p— Au®
2. Fori =0,1,2,... (until convergence)
3. Solve w(® from
Bw® .= @
4, ¥ := (w®,r®)
0 if i=0
S Bi = { i otherwise
Yi—1
7. w® ;= Apl)
8. ;= (p—(’)’%
10. PO = p) — ;@

Fig. 1. PCG method. B stands for the preconditioning matrix.

where L is strictly block lower triangular. The matrix
B=(P-LPY(P-L (6)

where P denotes the block diagonal matrix computed
according to Algorithm 2.1 is a block incomplete LU-
factorization (BILU) of A. P;; = Ly, . Py, L}, , stands

for the LPL? (exact) factorization of P, ;.
In our context, each P;; is a tridiagonal Stieltjes matrix,

see, e.g., [4]. ]?:1: tridiag(Pifil) may be cheaply com-

puted from the LPL? factorization of P;;. This stems
from the fact, that for any tridiagonal matrix 7" such that
T = LrPrL%, T~ may be rewritten as

T~'=T""(I-Lr)+L;'P;". )

The lower part of T = tridiag(T~!) may be computed
then by simple identification of the relevant entries in (7).
This is performed in Algoritm 2.2 where, for simplicity, we
set Pr = Q = (¢i,i0,5) and Lt = G = (gi,5).

I11. PARALLEL BLOCK INCOMPLETE
FACTORIZATION PRECONDITIONERS

The domain (square) is partitioned into p subdomains. Data
involved in the 4-th subdomain (i = 1,2,...,p) are allo-
cated to processor P;_;. The unknowns are renumbered



Algorithm 2.1 (Block incomplete LU-factorization)

Compute
e Py = A1
o Pii = Ly Py Ly,
e Bl = tridiag (P1)
efori =23,....m
e P, = Ai,i—Ai,i—l-é\::l,i_1Ai—1,i
e P = Lpi,iPPi,ith%,i
o if = m then stop
. 1351 = tridiag(P;il)

Algorithm 2.2 (T = tridiag(T 1))

1

¢ E"’n = nm
efori=nn—1,...,2
L t~z’,i—1 = _fi,igi,i—l
L] t~i—1,i—1 = Qi—ll,i—l _Ei,iflgi,ifl
T : tridiagonal Stieltjes matrix of order n

T =GQG! : LPL! factorization of T

line by line as illustrated in Fig. 2 in the case of horizontal
stripe partitioning and eight subdomains. As in [10], [22],
we have used twisting: lines are numbered from bottom to
top in the bottom half portion of the physical domain, and
from top to bottom in the top half portion. For p = 2,
without twisting, any incomplete factorization based pre-
conditioning does not anymaore give rise to approximately
the same remainder matrix as for the lexicographical order-
ing [5], [10], [19], [22].

In the case of Fig. 2, one possible allocation of lines to
processor is as follows:

Po = {1,2,3,27} s P = {45576728}7

P, = {7,8,9,29}, P; = {10,11,12,13},

Py = {23,24,25, 26,33},
Ps = {17,18,19,31},

Obviously, there exists a permutation matrix P such that

P; = {20,21,22,32}
P, = {14,15,16,30} .

Yy
s e e interface (gridpoints)
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Fig. 2. Decomposition of the grid into 8 subdomains (stripes).
Arrows indicate the progressing direction of the line number-
ing per subdomain. Numbers along the y-axis give the global
line numbering of unknowns. Within each horizontal line,
lexicographical ordering is used.

(2) changes to
Ai=b with b=Pb, u="7Pu (8)
and
[ Aip 0 0 A ]
0  Ap Az 1
A="PAP = : L0 : 9)
0 0 Ay
A Arp e o Arg

where A; ;, 4 = 1,2,...,p, are uncoupled block tridiago-
nal matrices associated to interior grid-points (lines 1 to 26
in the case of Fig. 2), while Ay  is made up of uncoupled
pointwise tridiagonal matrices associated to interface grid-
points (lines 27 to 33 in Fig. 2). More detailed nonzero
structure of the global matrix is depicted in Fig. 3, where
level 1 fill-ins are additional block fill-in entries that would
not appear if we would have numbered all the grid-points
lexicographically. Level 2 fill-ins are block fill-ins gener-
ated by Level 1 fill-ins. How these additional fill-ins occur
is illustrated in Fig. 4 by means of arcs that represent con-
nections between blocks (or lines). It is obvious that, if we
want the parallel block ordering to be as effective as the
standard (lexicographic) block ordering, we have to accept



some levels of block fill-in such that the rejected fill-in en-
tries are small enough. As illustrated in Fig. 4, this can
be interpreted as increasing a kind of (small) ‘overlap’ be-
tween neighboring subdomains. This ‘overlap’ has been
called pseudo-overlap in [16]-[19].

E = tridiagonal submatrix D = diagonal submatrix —> level0

B ='eve Lfill-in B =eve 2fill-in (dense submatrices in factored form)

Fig. 3. Global matrix A associated to 8 subdomains (level 0).
Additional level 1 and level 2 block fill-in entries. Here m =
33and p = 8.

From an implementation viewpoint, we assume that A is
partitioned into (small) blocks as illustrated in Fig. 3 in the
case of p = 8. The size of each (small) block is the same as
in (3). For simplicity, we denote the corresponding block
entries of A by A; ;. We will use A; ; to denote the block
fill-in entries. Level 1 and level 2 block fill-ins have the
form (see Fig. 3)

—_— .. 71 . .
Ai,j = _AlJ—le—l,j—lA]—LJ

Aijyr = AijPij Aj

respectively. They are not explicitly computed but implic-
itly stored in factored form, as in [14]. Multiplication by
Pkf; should be implemented as the solution of a (small)
linear system. There is no additional storage with respect
to Algorithm 2.1. Set

F = {(4,4) ; fill-inisaccepted in (block) position (¢,5)} . (10)

A\ N\~ N
OO O——O——® ; [

¥ - ¥ - ¥ _ ¥ _|h
Oj ® ® ® ® '
———
Po pseudo-overlap
width
e e

38 O—+0—+0—+0—+0

Fig. 4. Part of graph of matrix A assigned to two adjacent sub-
domains: P, and Pi. Thin (short) arc and thick (long) arc
correspond to level 1 and level 2 block fill-in entries, respec-
tively.

Let L denote the block strictly lower triangular matrix
whose block entries are defined by

if(i,5) ¢ F

~ —A .
Lij=4 5% .
“ { otherwise ,

i (12)

and let P stand for the block diagonal matrix whose block
entries are computed by means of Algorithm 3.1
Definition 1: Similarly to [16], [17], the matrix

B=(P-L)P Y (P-1Y , (12)
will be referred to as ParBILU (¢; w, £,,), say the paral-
lel block incomplete LU factorization with pseudo-overlap
width o, interior block fill-in level ¢, and ¢, as the block
fill-in level in the pseudo-overlapping regions.

Following [16], [17], we will denote the pseudo-overlap
width by @ = 1,2, 3, ... rather than w = h,2h, 3h,...In
which case, the corresponding pseudo-overlapping regions
between, for instance, subdomains P, and P; are made of
lines {4,27}, {4,5,27}, {4,5,6,27}, ..., respectively (see
Fig. 4).

The existence of ParBILU(¢;w, ) for symmetric M-
matrices may be established by means of the same argu-
mentsasin [4], [7]. ParBILU(¢; w, £,,) improves and gen-
eralizes the block methods developed in [22], [20], [10].
ParBILU(0;1,0) is none else than a particular case (no
additive perturbations) of the parallel block preconditioner
introduced in [10]. The method investigated in [20] may be
seen as an incomplete block-Jacobi preconditioner. The do-
main is partitioned into nonoverlapped subdomains: within
each subdomain, local direct solver is replaced by one ap-
plication of a standard block incomplete factorization. In
the case of Fig. 2, the processor which handles, say, sub-
domain P, applies Algorithm 2.1 to blocks (or lines) 4,
5, 6 and 28, without sending any information to P, (line



27) and without receiving any contribution from P (line
7). In [22], the same procedure was used for constructing
a parallel incomplete block preconditioner called INVpP,
where p stands for the number of subdomains. But there,
contrary to [20], adjacent subdomains exchange informa-
tion during the solving of Bw = r at each PCG iteration.
In contrast to ParBILU(¢; w, £,) where tridiagonal linear
systems P; ;v = s are solved exactly, in INVpP, P; 7—i1 is
replaced by its seven main diagonals. This could be very
fast on computers with vector processors. The other side of
the coin is that the number of PCG iterations could signifi-
cantly increase, especially for difficult PDEs. More severe
is the fact that this may give rise to indefinite precondi-
tioners, [2]. To get rid of such an inconvenience, some
madifications have been proposed in [1], [2], whose rate of
convergence is unpredictable.

IV. NUMERICAL RESULTS

We use the zero vector as initial guess, and the residual
error reduction ||r(?||5/||b]]2 < 10~ as convergence crite-
rion. We first check whether ~; /0 <1075 is satisfied (See
the PCG algorithm, Fig. 1, for the notation). The exper-
iments are conducted on a 16-processor SGI Origin 2000
(195 MHz). The MPI library is used for communication be-
tween processors. Optimized BLAS routines are invoked.
The preconditionings include:

(1) ParBILU(4; w, £);

(2) ParlC(¢; w,£,): the parallel pointwise incomplete
preconditioner introduced in [17]. = denotes the pseudo-
overlap width, which is defined as in Fig. 4, £, stands for
the fill-in level in the pseudo-overlapping regions (¢, >

w — 1), while £ denotes the fill-in level in the remaining
part of the subdomains;

(3) INVpP: the parallel block preconditioner introduced
in [22].

We consider two particular cases of PDE (1) :

Problem 1:

e I'=00, ¢ =19 =1 (see (1)),

o The rhs of the linear system to solve is chosen such that
the function ug(z,y) = (1 — x)y(1 — y)e®¥ generates the
solution on the grid.

Problem 2:
o I'={(z,9);0<2<1,y=0};

100 in (1/4,3/4) x (1/4,3/4
-¢=1/1={1 gllsfem{here/) (/%314
100 in (1/4,3/4) x (1/4,3/4
'f(m’y):{o :erl]sEeV\{here/) (/4379

The results of our numerical experiments can be seen in
Tables | and 1. We give the elapsed time in seconds for
constructing the preconditioning matrix, and for computing

Algorithm 3.1 : ParBILU(4; w, £)

(1) Fork = 1,2,...,p, apply Algorithm 2.1 to Ag  (in
parallel)

(2 Fori=m—p+2,...,m— 1 (inparallel, with commu-
nication)

e letj, 7 < ¢ besuch that Ai,j # 0 and Ai,j+1 # 0 (see
Fig. 3)

o Pii=Aii —Aij B30 — Aij Bl Ajv
o ifly>1

e —1
o stored; i = —Aij+1F 1 jy14j+1,5+42

o P;:=PF;— tridiag (A;,j+2]5?_:21’j+2Aj+2,i)

where

Aijte = —Aijn BT 11 Ajjte

Ajt2,i = —Ajt2,j+1 B Ajii
. ifly >2

T T -1
o stored; i3 = —Aij+2P 15 ;104542543
o P;;:=P;; — tridiag (Ai,j+31:j)_:31,j+3Aj+3,i)

where

Aijys = —Aij42B31 o Ajtajys

Ajysi=—Ajtaj+2031 ;10 Ajt2,

(3) Fori = m (with communication)
o letr, s, r < s < mbesuchthat Ay, » # 0and Ay, s #
0 (seeFig. 3)

o Ppym = Am,m — Am,rB;lAr,m - Am,s-F;,_slAs,m

the approximate solution by the PCG algorithm. We also
report the parallel speed-up, say the ratio between the time
taken by the sequential code (one processor) and the com-
putational time for p processors. Observe that, for p = 1
and for fixed interior fill-in level £ = 7, ParIC({; w, {)

and ParIC(/;w, /) do not depend on w and £s. In
our implementation, this also holds for p = 2 because of
twisting. That is the reason why the performance of Par-
BILU(0;2;1), ParBILU(0;3,2), and ParlC(1;3,2) are not re-
ported for p < 2. For all the preconditioners involved, the
results show, in general, a linear speed-up. In some cases,
the speed-up observed is larger than the number of proces-
sors.



TABLE I
Problem 1. h~1 = 513; n = 262144. Number of PCG iterations (iter.);
elapsed time in seconds for constructing the preconditioner (fact.),
executing the PCG agorithm, and overall time; speed-up, for p

TABLE Il
Problem 2. h=1 = 512; n = 262656. Number of PCG iterations (iter.);
elapsed time in seconds for constructing the preconditioner (fact.),
executing the PCG agorithm, and overall time; speed-up, for p

PProcessors. Pprocessors.
Time overal Time overall
Precond. p | iter. | fact. pcg overal | speed-up Precond. p | iter. | fact. pcg overal | speed-up
1|18 | 011 5991 60.57 1.00 123|011 6948 69.91 1.00
2192 | 0.07 2841 2887 2.10 2238|006 3134 3165 221
ParBILU(0;1,0) | 4 | 224 | 0.04 1451 1476 4.10 ParBILU(0;1,0) | 4| 291 | 0.03 1633 1655 422
8| 229 | 0.02 6.91 7.09 854 8| 301 | 0.02 7.76 7.95 8.79
16 | 238 | 0.02 421 442 13.70 16 | 314 | 0.02 4.60 4.80 14.56
4203 | 004 1305 1331 455 4| 258 | 0.04 1450 14.70 4.76
ParBILU(0;2;1) | 8 | 203 | 0.04 591 6.10 9.93 ParBILU(0;2;1) | 8 | 266 | 0.03 6.73 6.93 10.09
16 | 210 | 0.05 3.57 3.80 15.94 16 | 273 | 0.04 4.00 422 16.57
41194 | 013 12.50 12.87 471 41 242 | 0.11 13.63 13.95 5.01
ParBILU(0;3,2) | 8 | 195 | 0.13 5.78 6.12 9.90 ParBILU(0;3,2) | 8 | 245 | 0.12 6.34 6.63 10.54
16 | 200 | 0.20 3.33 3.80 15.94 16 | 250 | 0.18 3.74 415 16.85
1| 206|118 8004 8177 1.00 1258|022 8638 87.04 1.00
213 | 017 3901 39.56 2.07 2261|012 4171 4212 2.07
INVpP 41226 | 008 1746 17.82 459 INVpP 4278 | 006 1815 1842 473
8| 230 | 0.04 8.27 8.60 9.51 8| 291 | 0.03 9.44 9.65 9.02
16 | 243 | 0.02 541 5.66 14.45 16 | 306 | 0.02 5.45 5.70 15.27
1(39 | 016 19131 19240 1.00 1|628 | 025 25488 25573 1.00
398 | 014 9350 94.13 2.04 2| 628 | 013 12852 129.01 1.98
ParlC(0;1,0) 41435 | 0.07 4164 4195 457 ParlC(0;1,0) 4638|007 5380 54.06 473
8| 437 | 003 1787 18.05 10.66 8| 641 | 0.03 2313 2327 10.99
16 | 440 | 0.02 9.46 9.65 19.94 16 | 644 | 0.02 1283 1301 19.66
1(266| 099 13747 13938 1.00 1| 405|101 17630 177.93 1.00
266 | 049 6760 6858 2.03 2| 405|049 89.00 89.89 1.98
ParlC(1;2,1) 4270 | 023 2843 2891 4.82 ParlC(1;2,1) 4418 | 026 3910 39.53 450
8| 272|013 1209 1237 11.27 8421|013 1708 1733 10.27
16 | 276 | 0.07 6.33 6.48 2151 16 | 428 | 0.07 8.95 9.09 19.57
4| 268 | 023 2819 2864 4.87 4| 407 | 025 3844 3887 4.58
ParlC(1;3,2) 8269|012 1193 1220 11.42 ParlC(1;3,2) 8 (408 | 013 1629 16.53 10.76
16 | 271 | 0.08 6.14 6.30 22.12 16 | 412 | 0.08 8.77 8.97 19.84

It should be emphasized that the global (parallel) ordering
changes with the number of subdomains. Therefore, in re-
ality we are not comparing the same preconditioning ma-
trix, see, e.g., [5].

As regards the pseudo-overlap, the results are consistent
with what has been observed in [16]-[19] for parallel
pointwise incomplete factorization preconditioners. It is
mandatory to increase the pseudo-overlap width, accepting
thereby some fill-in induced by the parallel (re)numbering,
in order to avoid a degradation of the convergence rate.
This holds in particular for (the difficult) Problem 2. We
know from [4] that the computational complexity of level-
0 block methods is essentially equal to that of level-1
pointwise preconditioners. Therefore, it is fair to compare
ParBILU(O;k,k-1) with ParlC(1;k,k-1), & = 2, 3. From
the tables it can be concluded that parallel block methods

are at least twice as fast as the corresponding pointwise
methods. The results observed compare ParBILU(0;k,k-1)
favorably with INVpP, both in terms of number of PCG
iterations as well as the execution time. This is better il-
lustrated in Fig. 5 and in Table 111, where the performances
of ParBILU(O;k,k-1) and INVpP are given for larger lin-
ear systems. Problem 1 is discretized with the mesh size
h~! = 1025, which yields a linear system of 1048 576
unknowns, and 3 143 680 nonzero matrix entries to store.
Problem 2 is solved for h~! = 1024, which gives rise to a
matrix of order n = 1049600 and 3146 751 nonzero en-
tries to store. Obviously, INVpP is more expensive than
ParBILU(O;k,k-1), & = 1, 2, 3. INVpP keeps seven di-
agonals for the computation of the approximate inverse
of pivot block entries. Though only the tridiagonal part
is used for the construction of the preconditioner, all the
seven diagonals are taken into account during each solving



of the preconditioning system Bw = r. This requires seven
flops per unknown for handling each pivot block linear sys-
tem, as opposed to three flops per unknown in the case of
ParBILU(0;k,k-1), where pivot blocks are pointwise tridi-
agonal matrices.

TABLE Il

Problem 1: A= = 1025; n = 1048 576. Problem 2. h~! = 1024;
n = 1049 600. Number of PCG iterations (iter.); elapsed timein
seconds for constructing the preconditioner (fact.), executing the PCG
agorithm, and overall time; speed-up, for p processors,
ParBILU(0;k,k — 1),k =1, 2, 3,and INVpP.

Time overall

Precond. p | iter. | fact. pcg overal | speed-up
Problem 1

1362|047 63222 63507 1.00

2| 381|028 37574 377.72 1.68

ParBILU(0;1,0) | 4 | 441 | 0.13 187.62 188.87 3.36

8| 446 | 0.06 79.84 80.63 7.88

16 | 459 | 0.11 3994 4113 15.44

41400 | 016 17195 173.18 3.67

ParBILU(0;2;1) 8 | 403 | 0.12 73.27 74.15 8.56

16 | 408 | 0.16 3589  37.08 17.13

4384 | 048 16336 164.87 3.85

ParBILU(0;3,2) | 8| 386 | 046 69.46  70.63 8.99

16 | 390 | 0.64 3464 36.38 17.46

1409 | 441 84351 85015 1.00

2| 420 | 275 476.00 480.42 1.77

INVpP 4| 442 | 1.36 219.80 222.18 3.83

8| 447 | 018 9760 9849 8.63

16 | 459 | 0.09 5035 5151 16.50
Problem 2

1| 478 | 047 68341 68545 1.00

2| 479 | 028 396.44 397.86 1.72

ParBILU(0;1,0) 4| 577 | 013 197.85 198.75 3.45

8| 587|007 8091 8165 8.39

16 | 603 | 0.12 39.71  40.80 16.80

4523|016 179.42 180.03 381

ParBILU(0;2;1) | 8| 527 | 011 7259 73.34 9.35

16 | 537 | 020 3521 36.39 18.84

4| 485 | 044 166.88 168.13 4.08

ParBILU(0;3,2) | 8| 488 | 041 6772 68.76 9.97

16 | 493 | 062 3294 3454 19.85

1|520 | 093 860.57 86295 1.00

2| 521 | 050 48747 489.11 1.76

INVpP 4545 | 025 216.76 217.78 3.96

8| 556 | 013 9221 9298 9.28

16 | 573 | 0.07 4740 4844 17.81

overall time

overall time

Fig. 5.
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" ParBILU(0}3,2)
ParBILU(0;2;1) ---%---
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V. CONCLUDING REMARKS

In this paper, we have introduced a new parallel block
incomplete matrix based preconditioner.  Ingredients
from parallel scalar preconditioners investigated previ-
ously, [17], are combined with an appropriate implicit
block fill-in strategy, [14]. Numerical experiments indi-
cate that a nice trade-off between parallelism and rate of
convergence is achieved. Our results also display how the
new scheme improve existing parallel block precondition-
ers, [9], [22]. The convergence rate is remarkably weakly
sensitive to the number of subdomains. A formal proof
of this, as obtained in [19] for pointwise preconditioners,
awaits further investigation. Future works may also be con-
ducted to explore three-dimensional problems, and to in-
corporate coarse grid acceleration.
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