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1 Introduction

Let P be a polygon inscribed in a circle. The shadow
of P is a polygon P ′ whose vertices are at the mid-
points of the arcs of consecutive points of P . The
shadow sequence P 0, P 1, P 2, . . . is a sequence of
inscribed polygons such that each P t is the shadow
of P t−1 for all t ≥ 1. We show in this abstract that
the shadow sequence converges to the regular poly-
gon, and in such way that the variance of the edge
lengths decreases by at least one half at every step.
Our proof extends to the more general case where
instead of placing the vertices of the shadow at the
ratio of 1/2 of every arc we place them at an arbi-
trary fixed ratio α (0 < α < 1) in the clockwise or
counterclockwise direction.

Sequences of polygons generated by performing
iterative processes on an initial polygon have been
studied extensively in geometry. One of the most
studied sequences is the one sometimes referred to
as Kasner polygons. Given a polygon P 0, the Kasner
descendant P 1 of P 0 is obtained by placing the ver-
tices of P 1 at the midpoints of the edges of P 0. Fejes
Tóth [6] was interested in the more general problem
of sequences of Kasner polygons where each poly-
gon P t in the sequence is obtained by dividing every
edge of P t−1 with a ratio α : (1−α) in the clockwise
(or counterclockwise) direction and making the divi-
sion points the vertices of P t for t = 1, 2, . . . . He
proved that if α = 1/2 (Kasner polygon), then the
sequence converges to a regular polygon when P 0

is a convex pentagon or a convex hexagon. He con-
jectured that for any α and any initial convex poly-
gon, the sequence converges to a regular polygon.
Reichardt [5] showed that if α = 1/2, every con-
vex polygon converges to the regular polygon. Later,
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Lükő [4] proved that for any α ∈ [0, 1] and for any
convex polygon P 0, the sequence P 0, P 1, P 2, . . .
converges to a regular polygon, thus settling the more
general conjecture of Fejes Tóth. More on Kasner
polygons can be found in [2, 1].

The shadow sequence we study in this abstract
is similar to the Kasner sequence. It is a sequence
of inscribed polygons, where vertices of P t are at
midpoints of the arcs between consecutive vertices
of P t−1, for all t ≥ 0. Hitt and Zhang [3] show
that the shadow sequence of any inscribed polygon
converges to a regular polygon. From their proof,
it follows that the area of each P t is greater than
or equal to the area of P t−1 for any t > 0, with
equality only when P t is regular. In their proof of
the convergence of the shadow sequence, Hitt and
Zhang make use of doubly stochastic matrices and
Schur-convex functions. In the next section, we give
a simpler proof of the convergence of the shadow se-
quence that uses a different approach and is more in-
tuitive. This proof also gives a bound on the rate of
convergence. We then show how our results extend
to the general shadow sequence.

2 Convergence of the Shadow
Let P 0, P 1, . . . be a sequence of inscribed polygons
where P t is the shadow of P t−1 for all t ≥ 0. Then,

Theorem 1 The shadow sequence of an inscribed
polygon converges to a regular polygon in such a
way that the variance of the edge lengths decreases
at each step by at least one half.
Proof: Let P be a polygon inscribed in a unit cir-
cle, and let 〈a0, a1, . . . , an−1〉 be the sequence of
edge lengths of P , where by length we mean the
geodesic distance along the circle between two con-
secutive vertices of P . Thus,

∑n−1
i=0 ai = 1. Let

P t denote the polygon P after t shadow opera-
tions, and at

i denote its corresponding edge lengths,
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for i = 0, 1, . . . , n − 1. At any step t, we can
write the edge lengths of P t+1 as the sequence:{

at
i+at

i+1

2 : i = 0, 1, . . . , n− 1
}
. Also, the average

edge length of P t is 1/n for any t. Since the edge
lengths sum to 1 at any step, we can treat the se-
quence of edges as a random variable and compute
its variance. We will show that the variance V t+1 of
the sequence of edge lengths at time t+ 1 decreases
by a constant fraction of the variance at time t. For
simplicity, we will assume at

i = ai; thus,

V t+1

=
1
n

n−1∑
i=0

(
at+1

i

)2 − 1
n2

=
1
n

n−1∑
i=0

(
ai + ai+1

2

)2

− 1
n2

=
1
n

n−1∑
i=0

a2
i + a2

i+1

4
+

1
n
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aiai+1

2
− 1
n2

=
1
2n
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1
2n2

+
1
2n
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1

2n2

=
1
2

(
1
n
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1
n2

)
+

1
2n
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aiai+1 −
1

2n2

=
1
2
V t +

1
2n

n−1∑
i=0

aiai+1 −
1

2n2
.

To show that V t+1 is at most a fraction of
V t at any step t, we find the maximum value of∑n−1

i=0 aiai+1 subject to the constraint
∑n−1

i=0 ai = 1.
Using Lagrange multipliers it can easily be deter-
mined that the maximum value of the above sum
is attained when all the ai’s have the same value,
namely 1/n. To find this maximal point, we solve:

∂

∂aj

(
n−1∑
i=0

aiai+1

)
+ λ

(
n−1∑
i=0

ai − 1

)
= 0

Differentiating these n equations (for j =
0, 1, . . . , n − 1) we get ai−1 + ai+1 + λ = 0. Us-
ing the constraint

∑n−1
i=0 ai = 1 we find that ai = 1

n .
Thus, we have:

V t+1 =
1
2
V t +

1
2n

n−1∑
i=0

aiai+1 −
1

2n2

<
1
2
V t +

1
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· 1
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=
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2
V t

Therefore, after every shadow step the variance
is at least halved; and since the variance is always
bounded below by zero, then it converges to zero as t
goes to infinity. This in turn implies that every edge
length converges to the mean value, which is 1/n.
Thus, the shadow sequence of any inscribed polygon
converges to the regular polygon in such a way that
the variance decreases by at least 1/2 at every step.2

Let us now consider the general case, where each
polygon P t+1 in the shadow sequence is obtained by
dividing every arc of P t with a ratio α : (1 − α)
(0 < α < 1) in the clockwise (or counterclockwise)
direction, and making the division points the vertices
of P t+1 for all t ≥ 0. In this case, at any step t we
can write the edge lengths of P t+1 as the sequence:{
(1− α)at

i + αat
i+1 : i = 0, 1, . . . , n− 1

}
. We can

extend the proof of Theorem 1 to show that the
variance of the edges of the generalized shadow se-
quence decreases at every step by at least 2α2−2α+
1. By doing calculations similar to those made in
the proof of Theorem 1, we can show that V t+1 <
(2α2− 2α+ 1)V t. Note that 0 < 2α2− 2α+ 1 < 1
for any 0 < α < 1. Therefore, after every shadow
step the variance decreases by a constant fraction that
depends on α. Thus, again the variance converges to
zero as t goes to infinity, and every edge length con-
verges to 1/n.
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